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ELLIPTIC AFFINE HECKE ALGEBRAS AND THEIR REPRESENTATIONS 


GUFANG ZHAO AND CHANGLONG ZHONG 


Abstract. We apply equivariant elliptic cohomology to the Steinberg variety in Springer theory, 
and prove that the corresponding convolution algebra is isomorphic to the elliptic affine Hecke 
algebra constructed by Ginzburg-Kapranov-Vasserot. Under this isomorphism, we describe explic¬ 
itly the cohomology classes that correspond to the elliptic Demazure-Lusztig operators. As an 
application, we study the Deligne-Langlands theory in the elliptic setting, and classify irreducible 
representations of the elliptic affine Hecke algebra. The irreducible representations are in one to 
one correspondence with certain nilpotent Higgs bundles on the elliptic curve. We also study 
representations at torsion points in type-A. 
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0. Introduction 

As has been observed by Ginzburg-Kapranov-Vasserot in [GKV95], generalized cohomology the¬ 
ories are in correspondence with 1-parameter formal groups, and the formal groups coming from 
1-dimensional algebraic groups are in turn in correspondence with non-degenerate r-matrices. Mo¬ 
tivated by the duality between representations of the quantum i?-matrices and the representations 
of the affine Hecke algebra, it was expected that 1-parameter algebraic groups are in correspon¬ 
dence with affine Hecke type algebra. In [GKV97], for any 1-dimensional algebraic group, an affine 
Hecke-type algebra was constructed. When the algebraic group is the additive (resp. multiplicative) 
group, one gets the degenerate affine Hecke algebra (resp. the classical affine Hecke algebra). 

In the current paper, we study the Hecke-type algebra coming from an elliptic curve, called the 
elliptic affine Hecke algebra. The main tool we use is the equivariant elliptic cohomology of the 
Steinberg variety. Similar to the situation of [KL87], we use cohomology theory to classify the 
irreducible representations of the elliptic affine Hecke algebra, and to get the character formulas. 
The irreducible representations are parametrized by nilpotent Higgs bundles on the elliptic curve. 
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which occurred in the work of Baranovsky-Evens-Ginzburg as a deformation of the parametrization 
of irreducible modules over the quantum torus [BEG03]. 

Without going into the details, the elliptic affine Hecke algebra is the following object. For any 
root datum with lattice A and Weyl group W, let T = Gz A^ be the torus, where A^ is the dual 
of A. Let E be an elliptic curve over a ring R. Then := E (A^ © Z) is an abelian variety 

endowed with a natural action of W. Let vr : Si ^ St'pxsi/^ be the quotient map. Roughly 

speaking, the elliptic affine Hecke algebra R. is a sheaf on , whose local sections consist of 

/ = YIwgw fw[w]^ where /^’s are rational functions on Sl^^xsi subject to certain conditions spelled 
out in Section 4.1. It is endowed with a natural structure of sheaf of algebras. Furthermore, there 
is a natural faithful action of R on the sheaf of functions on St-^xsi- 

0.1. Elliptic cohomology and convolution construction of the elliptic affine Hecke al¬ 
gebra. The axiomatic definition of the equivariant elliptic cohomology was given by Ginzburg- 
Kapranov-Vasserot in [GKV95]. Its construction is sketched by Grojnowski in [Gr94b], and later 
on established in details by many people. To give a, far from being complete, list of references 
that we are following, see [AndOO], [And03], [GhlO], [Ge06]. (See also the exposition in [Gal2].) 
This construction has been studied by [Lu09] in the framework of derived algebraic geometry. In 
particular. Lurid proved the existence of the equivariant elliptic cohomology in a much more gen¬ 
eral setting. In § 2 and § 3, we collect the basic notions and first properties of the equivariant 
elliptic cohomology. We present proofs for some folklore facts, including the Atiyah-Bott-Berlin- 
Vergne localization theorem, Atiyah-Segel completion theorem, and Quillen-Weyl-Kac pushforward 
formula. 

For any compact Lie group G, let be the moduli space of semi-stable topologically trivial 
principal bundles on the dual curve where is the corresponding split algebraic group 
of G over R. For example, = E which is compatible with the notations in the 

previous subsection. For any connected compact Lie group G with maximal torus T and Weyl 
group W, we have a natural isomorphism 21 g = Str/VF. 

For any G-space X, the G-equivariant elliptic cohomology of X, denoted by £q{X), is a sheaf of 
Z-graded algebras on SIg- When X = pt, then £’g(pt) = for even i, and vanishes for odd i. 

Let B be the complete flag variety. Let M be the nil-cone of the complexified Lie algebra of G, 
and let J\f be T*B. There is a natural map AA —?■ W which is a resolution of singularity, called the 
Springer resolution. There are natural actions of G^ x C* on A/" and M, that make the Springer 
resolution equivariant. The fiber product Z = Af J\f is called the Steinberg variety. Then 
Sgx 5 i(-^)) certain twisted version of is endowed with a convolution product (defined in 

[GKV95]), making it a coherent sheaf of associated algebras on Sl^xsi- (See § 3.6 for details of the 
definition.) 

Theorem A (Theorem 5.6). There is an isomorphism T : R = EQ^gi{Z) of sheaves of algebras 
on SIgxsG where R is the elliptic affine Hecke algebra associated to the root datum of G, and 
^Gx 5 i(-^) the convolution algebra of the Steinberg variety. 

The definition of R given in [GKV97] was motivated by the calculation in equivariant A-theory. 
Therefore, Theorem A had been expected since then. However, no proof was known so far even in 
special cases. The proof we give in § 5 is similar to that in [GG97] in the A-theory case, although 
there are phenomena in the elliptic cohomology which do not occur in the A-theory. Moreover, in 
the proof of Theorem A, we found explicit cohomology classes in 3Qy.gi{Z) which correspond to 
the elliptic Demazure-Lusztig operators in [GKV97], under this isomorphism. 

Note that there is another construction, different from but somehow parallel to the one given 
by [GKV97], which provides a Hecke-type algebra associated to a root datum and a 1-parameter 
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formal group laws (see [HMSZ12], [Zhl3], and [ZZ14]). In [ZZ14], it is shown that these formal 
affine Hecke algebras are Borel equivariant cohomology of Steinberg varieties. In the case when the 
formal group law comes from an elliptic curve, the algebra constructed using the formal group law 
is a completion of the algebra studied in the current paper. (See also Remark 4.3.) 

The study of convolution algebras of equivariant elliptic cohomology is postulated in [Gr94a]. In 
[GKV95], a convolution construction of the classical elliptic algebra of type-A is given. It is expected 
that a similar construction applied to quiver varieties will give the quantum elliptic algebra. We 
postpone to a subsequent paper the study of quantum elliptic algebras, and the Schur-Weyl duality 
between quantum elliptic algebras and elliptic affine Hecke algebras in type-H. 

0.2. Representations of the elliptic affine Hecke algebra over the complex nnmbers. 

In § 6.4, we show one application of Theorem A, i.e., a Deligne-Langlands type classification of 
irreducible representations of T-L. Similar to the story of the classical affine Hecke algebra studied 
by Kazhdan-Lusztig [KL87] and Ginzburg [Gi85], representations of convolution algebras can be 
studied using the decomposition theorem. With minimal amount of notations introduced, we 
summarize the classification as follows. 

Let LI be a complex elliptic curve. For (a, t) € x E, let T{a,t) < T x be the smallest 
subgroup T' <T X such that (a,t) is contained in Sl-r/ C 21 t. (See Section 4.1 for details.) We 
have T(a) < T. Let x be in the set of fixed points We define G{a, x) to be the simultaneous 

centralizer of T{a) < and x € M. Let C{a,x) be the component group of G{a,x). Let Tit be 
the restriction of % to the subvariety x {t} C x E. 

Theorem B (Gorollary 6.10. (2)). Assume t € LI is a non-torsion point, then the irreducible repre¬ 
sentations of T-Lt are in one-to-one correspondence with triples (a, x, x), where a G 21g, x G 
and X is an irreducible representation of G{a,x) which has non-zero multiplicity in 

We also give a Delinge-Langlands-Lusztig type character formula in § 6.4. 

Although the data parametrizing the irreducible representations of Ti is similar to those of the 
affine Hecke algebra, the representations theory of the elliptic affine Hecke algebra is richer. Only 
in the case when T{a,t) is generated by one semi-simple element, the corresponding irreducible 
representations of T-L are isomorphic to those of the affine Hecke algebra of G. 

In § 6.5, we show that when t is a non-torsion point, the set of triples {{a,x,x)} above is in one 
to one correspondence with the set of O({0} — {t})-valued nilpotent Higgs bundles Higgsf^^E^) 
on E. The set Higgs2^^{E^) was introduced in [BEG03] (see also § 6.5). For t = 0, in loc. cit. 
it is shown that Higgs2=Q{E'^) parametrizes irreducible representations of the quantum torus. It 
was conjectured in loc. cit. that Higgs^^^{E'^) parametrizes the irreducible representations of the 
double affine Hecke algebra of Cherednik (DAHA for short). However, in [Vas05] a classification 
of irreducible modules over DAHA has been achieved. There are more irreducible representations 
than predicted by the conjecture in [BEG03]. In a future publication of the first author and Valerio 
Toledano Laredo, we will show an irreducible modules over DAHA that do not occur as Higgs 
bundle on the elliptic curve if and only if it is torsion. Hence, the non-torsion irreducible integrable 
modules over DAHA are parametrized by Higgs bundles. 

0.3. Representations in type-A. Representations of the affine Hecke algebra of type-A at roots 
of unity have been studied by Ariki [Ar95] and Grojnowski [Gr94a]. In particular, they proved that 
the Grothendieck group of affine Hecke algebra of type-A at a l-th. root of unity is isomorphic to 
the negative half of the affine quantum group of type A;. See [Ar95, Proposition 4.3] for details. 
They also proved that under this isomorphism the Lusztig canonical basis corresponds to the dual 
of the classes of the simple objects in the category of modules over the affine Hecke algebra at roots 


4 


G. ZHAO AND C. ZHONG 


of unity. This isomorphism has a categorical version, studied in [BK08], [KL09], and [R08]. More 
precisely, it is well-known that, based on the work of Khovanov-Lauda and Rouqier, certain category 
of modules over the quiver Hecke algebra categorifies the negative half of the affine quantum group 
of type-A. On the other hand, it is proved in [R08, Proposition 3.18] that the affine Hecke algebra 
at a root of unity is Morita equivalent to a suitable quiver Hecke algebra. Hence, one obtains a 
categorification of the Ariki-isomorphism. 

Using the Khovanov-Lauda and Rouqier’s work on the quiver Hecke algebra, we easily obtain 
the elliptic counterpart of the Ariki’s theorem and its categorified version. This is carried out in 
§ 7. We summarize the results here. 

Assume qi, q 2 ^ are two torsion points of order ni and n 2 respectively, d = lcm{ni,n 2 } and 
I = ni ■ n 2 /d. Fix an isomorphism E = a.s Lie groups. Let St d E he the subset consisting 

oi z ^ E such that z has the form (g“, for u, u G Z, and let Sf C K” be its product. Let l-Ln be 
the elliptic affine Hecke algebra of GL„ (or equivalently of Un)- Let Mod-t77n be the subcategory 
of finite dimensional modules, whose restriction to the action of <S, considered as coherent 
sheaves on E'^, are set theoretically supported on Sf. 

Let Td.i be disjoint union of /-copies of the cyclic quiver with d vertices. Let Hnihd^i) be the 
quiver Hecke algebra of T^j, and Mod-o be certain category of modules spelled out in 

details in § 7.1. 

Theorem C (Theorem 7.6 and Corollary 7.7). (1) There is an equivalence of abelian cate¬ 

gories Mod -0 Hn{Td,i) - Mod-tV-n- 

( 2 ) This isomorphism induces an isomorphism [U~ iL(Mod-t'Hn)*. 

Here sl^ is the affine Lie algebra of type Ad-i, and 17“ (sl^) the negative part of its enveloping 
algebra. Under the isomorphism in ( 2 ), we identify explicit auto-functors on 0^ iL(Mod-t 77n) 
which correspond to the Chevalley basis in 17“ (sU)®^ 

There is also a graded version of this theorem, in which the enveloping algebra is replaced by 
half of the quantum group. Under this isomorphism, the Lusztig canonical basis corresponds to 
the dual basis of the classes of simple objects. 

Notations. We summarize the conventions of push-forwards and pull-backs we use, for the con¬ 
venience of the readers. 

For any map of schemes f : X ^ Y and quasi-coherent sheaf Q on Y, we use f*Q to denote the 
inverse-image of Q, and f~^g G H^{X, f*G), the pull-back section of 5 G H^{Y, Q). 

Let p : A —>■ y be a morphism between two topological G-spaces. By vector bundles on topolog¬ 
ical spaces, we always mean complex vector bundles, unless otherwise specified. For any G-vector 
bundle V on Y, its pre-image on X will be denoted hy p*V. Taking equivariant elliptic cohomology, 
we get a map between two sheaves of algebras on the moduli scheme 21 ^, which will be denoted 
by : £q{Y) —)■ £q{X). The projection of the relative spectrum Spec^^^ £’g(A) —)• 21 g will be 

denoted by vr^, or simply ttx if G is clear from the context. The induced map on spectra by 
p^ will be denoted by pai : 21^ 21^. According to our convention above, the direct-image and 

inverse-image of quasi-coherent sheaves will be denoted by pa* and p^. If in addition, p is proper, 
then there is a push-forward (Gysin map) in equivariant elliptic cohomology, p^ : Q{Tp) — 

of quasi-coherent sheaves on 21^. By adjunction, we also have p< 2 i^Q{Tp) —>■ O^y, which will also 
be denoted by p^. 

For any compact Lie group G with maximal torus T, the natural projection 21 t —>■ 21g' will be 
denoted by tt. For any map between compact Lie groups : 77 —>■ G, the map induced on the 
moduli spaces will be denoted by ^ 21 g. 
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1. The ELLIPTIC GROUP ALGEBRA 

In this section, we fix terminology and notations about line bundles on abelian varieties and 
theta-functions. Throughout this section, R is a commutative Noetherian ring. 


1.1. The theta functions. Let E be an elliptic curve over a ring R. Let 0 : SpecR —> E be the 
zero section of the elliptic curve. Then the image of 0 is a codimension one subvariety, denoted by 
{0}. Let (!1(—{0}) be the sheaf of ideas of this subvariety, hence 0(—{0}) is a line bundle. Its dual 
0(—{0})^ has a natural section, denoted by Let inv : E —>■ E be the map sending any point to 
its additive inverse. Then inv*O{—{0}) = 0(—{0}), and the natural section i? is sent to —i? under 
this isomorphism. In this sense, we say that is an odd function. 


Example 1.1. Let E be the Tate elliptic curve over R = whose equation is given by 

y‘^ + xy = + a4^{q)x + a^iq) 


with a 4 {q) = -Bssiq) and ae{q) = -5s3(g) + 7s5{q), such that Sk{q) = Y.n>i 
Jacobi-theta function 


'&{u) = JJ(1 


s>0 


s>0 




s>0 


Then i? is the 


When E is a complex elliptic curve, i.e., C quotient out by the lattice generated by 1 and some 
r € C, then i? is also the Jacobi-theta function above, evaluated at u = and q = Here 

z is the coordinate of the universal cover C. 


Throughout this section, T will be a compact connected abelian (real) Lie group, i.e., T = 
where n is the rank of T. Let X*(r) be the group of characters of T, and X*(r) its dual. Let 
be the algebraic group over R which classifies maps of abelian groups from X*(r) to Gm- Then 
is a split algebraic torus over R, i.e., = G((j. Let be the R-scheme that classifies maps of 

abelian groups from X*(r) to E, which is an abelian R-variety. Equivalently, can be described 
as the moduli scheme of stable fiber-wise topologically trivial principal T^'^^-bundles on the dual 
elliptic curve E'^. 

We have a canonical isomorphism Sly = E 0 X^(T). Any character A G X*(r) induces a group 
homomorphism : 21^ —)■ E. The subvariety kery;^ is a divisor of 21^, whose ideal sheaf is the 
line bundle 0(—ker^A) on 2lr. Glearly, we have 0(—ker^A) — Xa^(“{ 0})- The natural section 
of the line bundle 0{—keic xxY is denoted by '^(xa)) which, via the identihcation 0{—keicxx) — 
X^O(-{0}), is equal to Xx^'&- 

Ghoosing coordinates T = we get a basis for X*(r), say Ai, • • • A^, i.e., any A G X*(T) can 

be written as The coordinates T = (R^)"' also induces an isomorphism 2t'r = E”. For 

any point x G 217 ’ — E"", we can write Xi & E for its z-th coordinate, i.e., the image of x via the 
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i-th projection E'^ —>■ i?, i = 1,..., n. For any A = the morphism ^ E is 

given by X = (xi,..., x„) i-A YIi=i € E. Then i?(xa) = '&{Yji=i riiXi). 

The map X*(T) Pic(2tT), sending A to 0(—kerxA)) is not a group homomorphism. Instead, 
we have the following. 

Lemma 1.2. (1) For any characters Ai and A 2 ofT, the following diagram commutes 



where fi : E x E ^ E is the addition of E. Let AD be the subvariety of E x E consisting 
of{x,-x) with X € E, then C>(-ker xaiOAz) = (XAi x xx 2 )*C>ExEi-AD). 

(2) The line bundle 0(—kerxA^) is canonically isomorphic to 0(—kerxA)- this isomor¬ 
phism, . 

Let Rep(T) be the free abelian group of virtual T-characters, i.e., Rep(r) = Z[X*(T)]. It follows 
from Lemma 1.2. (1) that the set map x ^ X*(T) —)• Pic(2tT) induces a homomorphism of abelian 
groups X : Z[X*(T)] —>■ Pic(2lr), where Z[X*(T)] is considered as a free abelian group with the 
additive structure. 

Definition 1.3. For any A G Z[X*(T)], we denote Cl(—kerx(A)) by Cx. Let S := 0Aez[x*(T)] 
Note that the group structure of Pic(2tT) makes S into a sheaf of algebras on SIt- 

The theta function d{x\) is a section of C'^. 

1.2. Looijenga’s ring of theta-functions. For any irreducible reduced root system i? in a real 
For any integer n, let E^'^'l be the n-th symmetric product E"^j&n- The following lemma is clear. 

Lemma 1.4. Let E^'^' -T X f; ^ X E be the map given by the product of the symmetrization 
X E ^ E^'^i and the projection to the second factor E^"^ x E ^ E. The image of this 
map is a divisor in E^'^'l x E, denoted by D. Let l : E^'^'i E^'^^ X E be the embedding into the first 

factor. Then 

i*0{-D) ^ 0{-C), 

where C C is the divisor given by {{xi, • • • ,Xr} G | x^ = 0 for some i}. 

Let Pi : E'^ E he the projection onto the i-th factor, and vr : —>■ E^'^'l be the symmetrization 

map. Note that the natural action of &n on fixes the fiber of 0 G E"^. Hence, by 

[Lo77], there is a natural isomorphism of line bundles (7r*((8)f^;^p*C)(—{0})))®" = 0{—C) on 
The section nr=i of ®'i=iPiO{—{t)}Y induces a natural section of 0{—CY, denoted by d^^. 

Let p : T ^ Lfr he a. representation of T. One has r characters of T, denoted by Ai,..., A^. Let 
Xp '■ E^ —)> E'^ be the product of xA;- Rs composition with E'^ —)> is still denoted by xp- Define 
Cp to be the pull-back of the line bundle 0{—C) on E^'^i via the map Xpj and let d{xp) b® tbe 
section of on Fi" which is the pull-back via xp of the section d^^ of 0(—CY on 
The following lemma is an easy consequence of Lemma 1.2. See also [GKV95, § 1.8]. 

Lemma 1.5. Let pi : T —)■ and p 2 '■ T ^ Ur 2 bs two representations ofT. Let © : x 

Ed' 2 ) _j. ^Pi+'’ 2 ) ^/jg symmetrization map, and let © : Fl^D x FlR^) ^(»'i^ 2 ) ^g ^/^g giy^n 
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by ({xi,..., {yi ,..., i—)• {xj + yj}. Then the following diagrams commute 

® 

E(n+r2) 

and 

XpiXXf>2 ^ ^ ^(^ 2 ) 

18 ) 

j^(rir2)^ 

Moreover, i?(Xpi®p 2 ) = ^iXpi) '&{Xp 2 ) «« sections of ® 

The following is a direct consequence of Definition 1.3 and Lemma 1.5. 

Corollary 1.6. For any T-representation p : T ^ Ur, the theta function 'd{xp) is a section of the 
sheaf S on%' . 

Proof. For each character A of T, we know i?(xa) is a section of a direct summand of S. Any 
representation p : T ^ Ur decomposes into direct sum of characters of T. By Lemma 1.5, 'd(Xp) is 
the tensor of the theta-functions associated to these characters. Hence, 'd(Xp) is a section of S. □ 

2. Lurie’s approach to T-equivariant cohomology 

This section is a very brief reminder of Lurie’s survey [Lu09], adjusted to our purpose. We recall 
Lurie’s existence theorem. We prove that the Atiyah-Bott-Berlin-Vergne localization theorem and 
the Atiyah-Segel completion theorem are formal consequences of Lurie’s theorem. These are folklore 
facts which are not in the literature. We also spell out the definition of Chern character in Lurie’s 
theory, a version of which will be used later in this paper. 

2.1. Derived schemes and equivariant cohomology theory. Recall that any ifoo-i'ing spec¬ 
trum A defines a cohomology theory, i.e., a contravariant functor from the category of topological 
spaces to the category of graded commutative rings, sending any X to Hom(A, A). Denote 
A*(A) = Hom(A,S*5iA). 

Definition 2.1. An i?oo-ring spectrum A is said to be even if A^*“^(pt) = 0 for any integer i, and 
we say A is periodic if it is endowed with an invertible element p G 7r2A. 

If A is periodic, then for any topological space X, multiplication by p G 772 A induces isomorphisms 
A*(A) ^ A*+2(X) for all i. 

Let A be an Floo-ring spectrum. Then vroA is a commutative ring and TTniA) is a vroA-module. The 
Zariski spectrum Spec A of A is a pair (Spec(7roA), OspecA), where Spec(7roA) is the classical scheme, 
and OspecA is certain structure sheaf of Floo-i'ing spectra. A derived scheme A is a topological space 
endowed with a sheaf of Hoo-ring spectra Ox, which is locally isomorphic to the Zariski spectrum 
Spec A of some i?oo-Hng spectrum A (see [Lu09, § 2.2]). The underlying classical scheme of X is 
denoted by Xq. A morphism of derived schemes / ; A —)■ T is a morphism of schemes Aq —>■ To 
together with a morphism of sheaves of Fl°°-ring spectra Oy —>■ f*Ox- Most of the notions from 
scheme theory are defined in the derived setting as well, such as fiber product, flatness of morphisms, 
quasi-coherent sheaves and coherent sheaves. 
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If there is a morphism of derived schemes / : X —>■ y, we say that X is over y, or X is a 
y-scheme. A commutative A-group is a flat A-scheme G endowed with the structure of a group- 
object in the category of A-schemes. Its underlying scheme is denoted by Gq. Let be the 
sheaf of relative Kahler differentials on Go along the structure map Go —>■ Spec(7roA), and let uj be 
the pull-back z*fiB along the identity section 2 ; : Spec(7roA) —> Gq. For any A-scheme S, denote 
G(5) = HomA(S,G). 

Definition 2.2. A pre-orientation of a commutative A-group G is an element in 7r2(G(A)). It 
induces a morphism of vroA-modules /3 : w —>■ 7r2A. We say a pre-orientation is an orientation if Go is 
smooth of relative dimension one over SpecTToA, and /3 induces isomorphisms TTnAGwaA^^ -A 7rn+2A 
for any n. 

Let T be a torus. Let be the derived A-scheme which classifies maps of abelian groups from 
X*(r) to G. We will denote its underlying classical scheme by Sir- For example, when T = 
then = G". We say a topological T-space X is finite if the following property is satisfied: 
there is a stratihcation 

0 = Xo C Xi C • • • C X„ = X 

with Xj+i = XiW^rp/Ti) X D^), where Tj is some closed subgroup of T, is the 

{k — l)-sphere, and is the corresponding A;-disk. 

Theorem 2.3. [Lu09, Theorem 3.2] For each compact abelian Lie group T, there exists a con- 
travariant functor Xt from the category of finite T-spaces to the category of quasi-coherent sheaves 
on satisfying the following properties: 

(1) It maps T-equivariant homotopy equivalences to equivalences of quasi-coherent sheaves; 

(2) For any fixed T, the functor Tt maps finite homotopy colimits of T-spaces to homotopy 
limits of quasi-coherent sheaves; 

(3) XT{pt) = O^der; 

(4) For any closed subgroup T C T', and T-space X, define X' = (X x T')/T with the induced 

T'-action. Then Xt'{X') = (^a*Xr(X) where is the natural embedding —)• 21^*;^ 

induced by the inclusion (p : T -A T'. 

One observes that Xt{X) is automatically a sheaf of F^oo-ring spectra on 21^®'', see [Lu09, § 3.4]. 
For any finite T-space X, we define Xf{X) = ^■^^Xf{X), a sheaf of graded commutative algebras 
on the scheme 21 t with J^{X) = 7rj(J-'T(X)). In particular, the non-equivariant theory T{i} is an 
oriented cohomology theory in the classical sense. 

Let X be a finite T-space, and let 14 be a T-vector bundle on X. Let ThfV) be the Thom space, 
i.e., the quotient of the disk bundle D{V) by the sphere bundle SfV). The following is the Thom 
isomorphism Theorem. 

Proposition 2.4. [Lu09, Proposition 3.2] Let V be a finite dimensional unitary representation of 
T. Then 

(1) the quasi-coherent sheaf XT{Th{V)) is a line bundle on 21^®^; 

(2) for any finite T-space X, the natural map XT{Th{V)) ® Tt(X) -a FT{Th{V) x X) is an 
equivalence. 

Example 2.5. [Lu09, § 3.4] For simplicity, assume A is even and periodic. Let T = S^, and let V 
be the 1-dimensional representation on which T acts by scaling. In this case, we have 21^®^ = G. 
Also FT{Th{V)) is the homotopy fiber of the map Xt{DV) —)• Ft{SV). Since DV is contractible. 
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J-T{Th{V)) is the homotopy fiber of the following map of quasi-coherent sheaves on 

O^d^er Ft{SV), 

with Tt{SV) homotopy equivalent to the structure sheaf of the identity section of Therefore, 
we can identify J-T{Th(y)) with the ideal sheaf of the zero section of G. Via this identification, 
the map FT{Thiy)) —)■ corresponds to the natural section of the line bundle FTiTh{V)Y 

that vanishes of order one at the identity section of 21^'^'’. 

In the rest of § 2, we deduce some formal consequences of Theorem 2.3. 

2.2. Localization. First, we show that it follows from Lurie’s results that the T-equivariant co¬ 
homology theory satisfies the Atiyah-Bott-Berline-Vergne localization theorem, and consequently 
the stalks of the sheaf Ft can be identified. The proof of the localization theorem in [BV97] for 
singular cohomology goes almost non-changed in this setting. Nevertheless, for completeness we 
include the proof here. 

For any closed subgroup T' < T, we identify “^t' with its image in 21 t- For any non-trivial 
character x ^ 5^, let be the kernel of x- We call the image of 21^,^ in 2lr the weight 

hyperplane corresponding to y. 

Lemma 2.6. Let X be a finite T-space and T < T be a closed subgroup. Then the induced pull-back 
Zp : Ft{X) Ft{X^) is an isomorphism outside a finite union of weight hyperplanes. 

Proof. We start with the case when = 0. We would like to show that Ft{X) is supported on 
a finite union of weight hyperplanes. By our assumption on X, we can write V as a finite union 
with each Xi admitting a T-equivariant map W —>■ T/Fj for some closed subgroup Fj < T 
that does not contain F. By Theorem 2.3. (4), FT{T/Ti) and hence FriXi) itself is supported on 
the image of 2lri C 2tT, which is contained in some weight hyperplane (by lifting any non-trivial 
character of T/Fj to T). Therefore, Ft{X) is supported on the union of these weight hyperplanes, 
according to Theorem 2.3. (2). 

In general, let U D X^ be a T-invariant tubular neighbourhood of X^ in X, and let Z = X\U so 
that Z is a T-stable closed subset without F-fixed points. The support of Ft{Z) is contained in a 
finite union of weight hyperplanes, and outside this union, the natural restriction Ft{X) —> Ft{U) 
is an isomorphism. □ 

For any a € 21^, let 

(1) T{a) := n,e 2 l^,T', i, : ^ X 

Theorem 2.7. Taking the stalks at the point a, the map induces an isomorphism FT{X)a —> 
FT{X^^^))a. 

Proof. It suffices to show that a does not belong to those weight hyperplanes constructed in the 
proof of Lemma 2.6. However, for a to be contained in the hyperplane 2fri T 21^, the subgroup Fj 
has to contain T(a). This contradicts with the fact that the T(a)-action on is fixed-point 

free. □ 

As in [Gal2, § 2.2], we can calculate the stalk at every point. Let a G 21t be an A-point, i.e., 
it defines a map a : X*(T) —)• G(A). For any derived A-scheme S, the map a extends to a map 
a : X*(T) —> G(5). Since G is an A-group, the set Hom(X*(T),G(S')) is a (topological) abelian 
group. In particular, translation by a induces an automorphism ta of Hom(X*(T), G(5)), which 
in turn amounts to an automorphism ta of 21*^, still called the translation by a. For any finite 
T-space X, the translation ta induces a map on stalks Tr(V)a —>■ Ft{X)q. 
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Corollary 2.8. For any a € SIt, we have 


Proof. It suffices to show that the map 


induced by ta is an isomorphism. We have Ft{X'^^'^^) = (l)^FT/T(a)iX'^^°‘'^), where (j)<^ : 21^®^ —)> 
is induced by the quotient cf : T ^ T/T{a). Naturally 4><^ = ta, hence the statement 
follows. □ 


2.3. Completion. Let {EJf \ n G N} be the Borel construction of classifying spaces, that is, a 
system of hnite T-spaces such that the T-actions are free, and each Ef is contractible in E^ for 
N big enough. The following theorem is a generalization of the Atiyah-Segal completion theorem. 
It is true for any periodic ring spectrum A. For simplicity, we assume further that A is even and 
periodic. 

Proposition 2.9. Let A be even and periodic. Assume Ft{X) is a coherent sheaf on 21^®'’. Let 
I he the sheaf of ideals on 21^ corresponding to the identity point 1 € 21^. The natural map 
F^{X) —>■ Ff{X Xt Elf) induces an isomorphism 

F^X)^ ^ limF*{X XT Etf), 

where the left hand side is the completion with respect to the I-adic topology. 

Proof. We follow the original proof in [AS69, § 3]. First we prove this in the special case when 
T = S^. Let Elf = SV^ where V"' is an complex vector space of dimension n with S'^-action by 
scaling, and SV^ is the unit sphere in V^. Let be the unit disk. The Thom space Th{V^) 

is the homotopy cofiber of the inclusion SV^ —)• DV^. Then there is a long exact sequence of 
coherent sheaves on 21 ^ : 

^ FfiX XT Th{V^)) F^riX xt DV^) FfiX xt SV^) Fff\X xt Th{V^)) . 

By Proposition 2.4 and Example 2.5, the second map in the sequence above can be identified with 
Ff{X) ( 8 ) 2 tj, —)■ Ff{X) given by the natural section 1 ?“” of the line bundle on 21 t- Note that 

the image of in defines the ideal sheaf I, so the cokernel of ; Ff{X) 0 £” —>■ Ff{X) 
is isomorphic to Ff,{X)/{I^). Denote the kernel of by Ft^ C Ftp{X XTTh{V'^)). We then have 
a short exact sequence 

0 ^ rTiX)/{I^) F^{X XT SV^) Fi+^ 0 . 

To prove the lemma, we need to show the existence of (3^ in the following diagram for some k 


0 

0 


^ Ff{X XT ^ FiXl 


hk 


^Ff{X)/{L- 


^F^iX xtSV^) 


-pi+l 

r) 


-^0 


-^0. 


Since Ffp{X) is coherent, Fl^ stabilizes for n large enough. So 'd~^ annihilates for n large 

enough, and f3k exists. 

By the induction argument in [AS69, § 3, Step 2], the completion theorem for general torus T 
can be reduced to the case when T = S^. This hnishes the proof. □ 
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2.4. The Chern character. Recall that an orientation on the A-group G makes the cohomol¬ 
ogy theory defined by the spectrum A into an oriented cohomology theory in the classical sense. 
Equivalently, it implies that for any proper map f : X ^ Y, there is a push-forward 

fA:A*{X)^A*{Y) 

which is a morphism of ^*(T)-modules. Moreover, there is an associated formal group law F(u, v) G 
A*(pt)[u, f] determined by 

Ci{Ci ® C 2 ) = F(cf (£ 1 ), cf (£ 2 )), where £i ,£2 are line bundles over X, 

where cf is the first Chern class in the cohomology theory A. Assuming A*(pt) is a Q-algebra, 
the formal group law associated to A has an exponential U(t) G A*(pt)[t], that is characterized by 
£(n, v) = + [^^(n)). This exponential induces a natural isomorphism between A* and H* 

as functors to the category of graded commutative rings, denoted by ch"^, called the non-equivariant 
Chern character. It is determined by the following property: for any compact smooth manifold 
A, the ring homomorphism ch"^ : A*{X) —>• H*{X;A*{pt)) sends c;f(£) to U(cf^(£)) for any line 
bundle £ over X. 

Moreover, there is a Riemann-Roch type theorem. For any line bundle £ on a smooth manifold 
A, define TdA{C) = ^ or more generally, for any rank-n vector bundle V 

on A with Chern roots {xi,... ,x„}, define TdA{V) = Hi 

Theorem 2.10. For any proper map f : X ^ Y between smooth manifolds, let Tf be the relative 
tangent bundle. We have, for any a G A*{X), 

di^ifA{a))=fH{a-TdA{Tf)). 

For any a G Sir, we define the localized Chern character at a, denoted by ch^, to be the following 
composition 


F}{X)a ^ ^ ^ lim7'*(A^(“) xr EJf)o ^ limR'*(A^(“) xr Elf-, 

/) * j -1. A y 


ch'‘ 


(Pt))c 


where the third map induces an isomorphism on completion by Proposition 2.9. 

Summarizing the discussions above, we have the following 

Corollary 2.11. Assume that A*{pf) is a Q-algebra, and let ch^ : Ff{X)a —)■ Hf{X'^^°‘^-,A*{pf)) 
he the localized Chern character as above. Then it induces an isomorphism on the completion 
Ff{Xra^Hf{Xna).A*{pf))^. 


3. EQUIVARIANT ELLIPTIC COHOMOLOGY THEORY 

In this section, we collect some basic notions, constructions and properties of equivariant el¬ 
liptic cohomology from [Lu09] and [GKV95]. We do not claim anything original in this section. 
Nevertheless, in § 3.5, we show a push-forward formula in equivariant elliptic cohomology which 
previously was not known in the present generality, although a form of it can be fond in [Gal2]. 

3.1. Construction of oriented derived elliptic curves. Now we specify the set-up in which 
we would like to apply Lurie’s machinery. Let S = Spec R be an arbitrary (classical) affine scheme, 
with an elliptic curve E ^ S over S. Let 0 : S ^ E he the zero section, is the sheaf of relative 
Kahler differentials on E, and w = 0*(n£;)- 

Definition 3.1. [GKV95, (1.8.1)] A local coordinate of E consists the following data: 

(1) a line bundle 11 on £; 
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(2) an isomorphism 0*11 0*i2£;; 

(3) a rational section 1 of the bundle 11, such that 1 vanishes along the zero section O(S'), 
and under the map d : 11 —>■ 11 (g) Qe we have d([)|o( 5 ) = idn |o(S) via the identification 

o*n ^ o*nE- 

Note that w is a locally free sheaf of modules of rank one over R. The rational section 1 of II in¬ 
duces a formal group law on 0^ H^{S, which is a power series F{x, y) = x+y+J2i+j>2 
with Qij G determined by the equality 

liu + v) = F{l{u),liv)) 

in the formal completion of E along the zero section. Here the identification of the formal completion 
of E with 0j id°(5, u] is given by the fixed isomorphism 0*n —)■ {)*rtE- 

Proposition 3.2. Assume F is Landweber exact (e.g., see [Lu09, p.6]J. Then there is an even 
and periodic E^o-ring spectrum A such that T^ 2 nA = and there is an oriented A-group E with 
underlying scheme E and the orientation ui~^ — 7r2A = ui~^ is the identity map. 

The oriented H-group E is called a derived elliptic curve. The proposition follows directly from 
a theorem due to Goerss, Hopkins, and Miller, reformulated in [Lu09, Theorem 1.1]. 

Proof. By base change, the elliptic curve E —)• Speed? extends to an elliptic curve on 
This family endows Spec(0^g2 w”) with a map to Aliq, the (open) moduli stack of elliptic curves. 
This map is flat if and only if F is Landweber exact. Therefore, by [Lu09, Theorem 1.1], there is 
an even and periodic d^oo-ring spectrum A representing a multiplicative cohomology theory whose 
coefficient ring tt^A is 0„g2 w”. The derived elliptic curve is obtained in a similar way by composing 
the map E 0„gzw” and Spec(0„g2 w"-) Adgi. □ 

Remark 3.3. (1) The Landweber exactness assumption is always satisfied, for example, when 

R = ttqA is an algebra over a field of characteristic zero. 

(2) The ring spectrum A obtained this way is automatically periodic with periodicity given by 
0*[€ dd0(5,a;) = ttsM. 

(3) The structure of the homotopy commutative ring spectrum is easy to describe in concrete 
terms. Let U d E he an affine open subset. Then on 0jgg(O;7 ®Os there is a formal 
group law coming from that on 0jggW*, which is Landweber exact. Therefore, by Go¬ 
erss, Hopkins, and Miller’s interpretation of Landweber exactness theorem, the graded ring 
0igz(C’t/ ®Os a;*) is the homotopy group of some commutative ring spectrum. One can 
easily check that this construction is compatible with localization to principal affine open 
subsets of U, hence we obtain a sheaf of ring spectra on E. 

In the remaining part of this paper, we always assume the ring spectrum A comes from a local 
coordinate of a classical elliptic curve over A, and the oriented derived elliptic curve E is given by 
Proposition 3.2. 

3.2. Equivariant elliptic cohomology theory. For any connected compact Lie group G, let 
be the corresponding algebraic reductive group with maximal algebraic torus D T. There 
is a derived scheme 21^^, whose underlying scheme 21^ is the moduli space of stable topologically 
trivial G®'^®-bundles on E'^. For example, if G = T is a torus of rank n, then 21^®^ = E”'. 

we consider E and A satisfying the following. 

Assumption 3.4. For each connected compact Lie group G, there is a contravariant functor £g 
from the category of G-spaces to the category of quasi-coherent sheaves on 21^^, satisfying the 
following properties: 
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(1) Eg maps homotopy equivalences to equivalences of quasi-coherent sheaves. 

(2) Eg maps homotopy colimits of G-spaces to homotopy limits of quasi-coherent sheaves. 

(3) For an embedding of compact Lie groups 4> : H ^ G, and finite iL-space X, we have the 
following equivalence 

Indg :Eg{{Xx G)/H) ^ 4>%MX), 

where (j)^ : —>■ 21^'' is induced by the embedding. 

(4) Let </> : iL —)■ G be a group homomorphism, and let X be a G-space. Then X also has 
an action of H via cj). Let : 21^^ —>■ 21^’’ be the induced morphism. Then we have a 
canonical isomorphism r^{EG{X))^EH{X). 

(5) When G = T is a torus, Et is the same functor in Theorem 2.3. 

Remark 3.5. (1) It follows from Assumption 3.4. (3) that £^(j(pt) = O^^r. 

(2) The existence of the functors Eg for (non-abelian) compact Lie group G is announced in 
[Lu09, § 5.1]. The properties (1), (2), and (3), on the level of global sections, are stated in 
[Lu09, Proposition 3.3]. 

(3) If ttoA is a Q-algebra, for any connected compact Lie group G and any finite G-space X, 
we dehne Eg{X) to be the W-invariants in tt* Et{X) where tt : 21^'^'" ^ 21^®^ is the quotient 
map. Then, the assignment sending a finite G-space X to Eg{X) satisfies Assumption 3.4. 
Indeed, the only possibly non-trivial statement is Assumption 3.4(3), the proof of which 
can be found in [Gal2, Theorem 4.6]. 

It is reasonable to expect that Assumption 3.4 is satished for any oriented elliptic curve, but this 
statement is not in the literature. Proving this is the beyond the scope of this paper. However, in 
the setting where we apply equivariant elliptic cohomology, ttqA is always a Q-algebra. Therefore, 
by Remark 3.5(3), Assumption 3.4 is always satisfied. 

As is shown in [GKV95], Assumption 3.4(3), which is a property about induction, implies the 
following property of change of groups. (See also [Gal2, Proposition 5.1].) 

Corollary 3.6. Under Assumption 3-4, 1st X be a finite G-space, and let K he a normal subgroup 
of G such that K acts on X freely. Then 

EG{X)^<flEGiKiXfK) 

where (jx^ : 21^'’ ^ 21^®'’ is induced by the quotient (j) ■. G ^ G/K. 

Proof. By cellular induction, we only need to show this when X = G/H for some closed subgroup 
H < G. The assumption that K acts freely on X implies that the natural map tp : H ^ G ^ G/K 
is an embedding. We have {G/H)/K = {G/K)/H. Hence, by Assumption 3.4(3), we obtain 

Egik{{GIH)IK) - Egik{{GIK)IH) - V’2t*^Lf(pt) 

, where ^ '^g/k is the natural embedding. Applying Assumption 3.4(3) again to the 

embedding H < G and the R-space pt, we conclude the proof. □ 

For any G-space X, we define E*q{X) = ^^^.^Eq{X), a sheaf of graded commutative algebras 
on the scheme 21^ with Eg{X) = 7rj(£’G(X)). In particular, Eg{X) is a quasi-coherent sheaf of 
commutative algebras on 21 g. Define 

21^ = Spec,, ^^g° (A) 

which is a scheme over 21^. The structure morphism 2fg —)• 21 g is denoted by vr^, or simply ttx if 
G is understood from the context. 
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Example 3.7. Take 11 = then a local coordinate of E amounts to a rational section 1 of fie. 
In this case, we can identify £q{X) with £^q'^{X) If X = C”, then £q{X) = 0 for odd i. 

3.3. The GKV-classifying maps. We recall the GKV-classifying map defined in [GKV95, (1.6)]. 
Let X be a G-space. For any G-vector bundle V of rank n, let Fr ^ X be the associated frame 
bundle. The group GxUn acts on Fr, so 21^^is a scheme over ^cxUni which in turn is a scheme 

over 21(7^ = By Corollary 3.6, there is an isomorphism ^cliUn ~ ^G- These maps fit into the 

following commutative diagram 

-^2tGxC/„->2tG„ 

21^-^ 2tG. 

The induced map cy '■ 21^ —> 2l;7„ is called the GKV-classifying map. 

Example 3.8. Let G = {!}, and X = with the tautological line bundle L = 0(—l) on it, 
so that the total space, with the zero section removed, is isomorphic to — {0}. Let act on 
— {0} by weight n G Z>o, so that L is an S'^-line bundle with respect to the trivial S'^-action 
on P^. This line bundle will be denoted by Cn- We would like to see for different n what the 
GKV-classifying maps : 2t!|” —>■ 21^1 = E are. 

By construction, we have 215”^ = = Spec(£’^i(A^ — {0})). By Corollary 2.8, the stalk 

of £’^i(A^ — {0}) is zero away from the origin, and is nilpotent at the origin, hence the stalk is 

isomorphic to its completion at the origin. In particular, when n = 1, the map identifies 21^1 
with the Zariski tangent space of E at the origin; and when n = 0, Ccq is constant. 

As in [GKV95, (1.9)], one can define the characteristic classes in equivariant elliptic cohomology 
as follows. Let P < Un he the parabolic subgroup such that Un/P = P”. Then the projectivization 
P(V) is isomorphic to Fr/P. By Corollary 3.6, there is an isomorphism 2t^(^p = which is a 

scheme over 2lp = — E^'^~h x E. 

Lemma 3.9. We have a commutative diagram 

^P(l/) ^ ^ ^ 

where the right vertical map is the symmetrization defined in Section 1. Moreover, 

(1) the middle square is Cartesian; 

(2) the inclusion = 21^ Xp(n) x E) C 21^ x E is the embedding of a divisor. 

The map 21^^^ ^ E^^-h X E will be denoted by cp(y), and called the GKV projective classifying 
map. 

Proof. Claim (1) is clear. 

The natural map 21^ Xp(n) {E^^~h x E) P 21^ x A is the pull-back of the natural map © x id : 
Ein-V X E ^ X E. The later map is a well-defined embedding of a divisor, hence, so is the 
former one. □ 
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3.4. The Thom isomorphism Theorem and Chern classes. 

Definition 3.10. [GKV95, § 2.1]Let X be a finite G-space, and V a G-vector bundle. The subset 
2 ^P(V) ^ X E is a divisor. Let 0(—be its ideal sheaf. Define 0 g(^) to be the line bundle 

on which is the the pull-back of 0(—along the map 21^ ^ 21^ x E,x (a^,0). If G is 
understood, we simply abbreviate 0 g(I 4) as 0(14). 

Example 3.11. When G = T and X = pt, then 0(14) is isomorphic to S^{Th{V)) as quasi- 
coherent sheaves on 21^, which is also equal to 0{—kev xxy) defined in Section 1, where Xy G 
Z[X*(T)] is the character of the T-representation 14. 

Example 3.12. When G = Un, X = pt, and the vector bundle is the standard n-dimensional 
representation of Un, by Lemma 1.4, 0(^n) = C>{—C). Moreover, = 0?=!is the natural 
section of 0(Cn)^- 

Proposition 3.13. For arbitrary G-space X, 

(1) for any rank-n G-vector bundle 14 on X, we have 0g(I4) = Cy^Uni^n), o,nd under this 

isomorphism, is identified with the natural section o/0g(I4)^- 

(2) For any two G-vector bundles Vi and V 2 , we have a natural isomorphism 

0(Pi©P2 ) = 0(I4i)®0(P2); 

(3) The assignment sending any G-vector bundle V to the line bundle 0(14) on 21^ extends to 
a group homomorphism 0 : Kg{X) Pic(2lg). 

Proof. Claim (1) follows from the definition. 

Claim (2) follows directly from Lemma 1.5 and Remark 3.13. 

Claim (3) follows from (2). □ 

For any G-vector bundle 14, let ThfV) = D{V)/SfV) be the Thom space, which is a finite 
G-space over X. The group G acts on Th{V), hence 21^^^^^ is a scheme over 21^. The following is 
the Thom isomorphism in the equivariant elliptic cohomology. 

Theorem 3.14 ([CKV95], (2.1.3)). Let 14 be an G-vector bundle. There is a canonical isomorphism 
vrx*0(14) = £^Q{Th{V)) making the following diagram commutative 

vrx*0(14)- >TTx*Of^x 

£%{Th{V)) - >£UX). 

Here £^{Th{y)) —)■ £q{X) is the pull-back via the embedding X —>■ Th{V). 

As a corollary, we have the following property about change of groups. 

Corollary 3.15. Let X be a finite G-space, with a G-vector bundle 14. Let (f : H ^ G be a group 
homomorphism, and let : 21;^ —>■ 21^ be the induced morphism. Then there is an isomorphism 
Qh{V) = 4>^xQg{V) of line bundles on 21^. 

Let q : X ^ Y he a proper morphism between two smooth G-manifolds, and let T(f) he the 
virtual vector bundle q*TY — TX on X. There is a push-forward morphism go : Q{Tq) —>■ q^ 
of sheaves on 21^ (see also [CKV95, § 2.3]). By adjunction, we also have the morphism q^i^QfiTq) —>■ 
£q{Y) , still denoted by q^, which is characterized by the following two properties: 
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(1) For any G-equivariant regular embedding q : X ^ Y, we have NxY = Tq, and the push- 

forward is the composition of the Thom isomorphism £q[X) ^Q{Tq) = £^{Th{q)) and the 
pull-back £^Q{Th{q)) £^q{Y), where Th{q) is the homotopy cofiber of the map q : X ^Y. 

(2) Let y be a representation of G and let SV be its unit sphere. The push-forward of the 
natural projection q : SV x X ^ X is induced by £q{SV x X) = ©("F) 0 £q{X). 

As the push-forward is defined up to a twist by an explicit line bundle, we have two different 
notions of Chern classes in equivariant elliptic cohomology, coming from the orientation of the 
elliptic curve and the Thom isomorphism respectively. In the terminology of [GKV95], they are 
called the Chern classes and the Euler class, respectively. 

Let / be any rational section of Qe on E (not necessarily a local coordinate of E). For any 
G-vector bundle V, define the i-th /-Chern class c{{V) of V to be Cy^{ei{f)) as a rational section 
of £q{X) 0 = £q{X). Here for any i > 0, is the i-th elementary symmetric function, and 

ei(/)(xi,... ,Xr) := ei{f{xi),... ,f{xr)) is a section of the line bundle on E^^\ 

On the other hand, define the Euler class 

e(E) = € FO(2t^,0(E)^) ^ ct.0c/„(Cn)^). 

It follows from the Thom isomorphism Theorem that e(E) is equal to zjj ; 0(E) —>■ £q{X) where 
z : A —>■ E is the zero section. 


Example 3.16. If the G-action on X is free, then e(E) is the usual theta function. On the other 
hand, if the G-action on X is trivial, then e(E) = c^(E) where (H, 1) is a local coordinate of E in 
the sense of Definition 3.1. 


Lemma 3.17 ([GKV95], (2.9.2)). Let T be a torus, and let a € be an R-point. Let T{a) < T 
he as in (1), and let 

ia* ■ 7r;,TW,0(r(A^(“)))V ^ exMTXY 

be the push-forward induced by the inclusion ia : —)■ X. Then, ia* is given by multiplieation 

by e{T^T{a)X), which is compatible with the push-forward induced by the inclusion T{a) T{a') 
for a, a' G and is invertible on a Zariski open subset of^T containing a. 


3.5. The Quillen-Weyl-Kac formula. To illustrate the Thom bundles and the push-forwards, 
we prove the formula for push-forward in equivariant elliptic cohomology from a projective bundle, 
which will be used later. Let E —>■ A be a rank-n G-vector bundle. Let p : P(E) —)■ A be the 
projection. Recall that 


^p(V) CP(V) 

G 


>2lp 


21 ^ 


Cy 




is a Cartesian square. We describe the Thom bundle Q(Tp) of the relative tangent bundle as follows. 
Let CTp ■■ X E ^ be the map ((yi,... ,yn-i),2/n) (yi - yn, ■ ■ • ,2/n-i - Vn)- The 

pullback of the natural section 0^=/ of the line bundle 0(.^n-i)^ is equal to 0?=^!^ 
as a section of c^pQ(fn-i)'^■ The Euler class e{Tp) is the section Cp^V)(nig[i n-i] ~ Vn)) of the 
line bundle E){TpY — c^^y^cf,pQ{fn-iY■ As sheaves on we have £’^(P(E)) = £q{X) 
C)(^(n-i) 

X E). So we can write any local section / of £’q(P(E)) as a function on E valued in 
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Sq{X). By Theorem 2.4, the push-forward pjj : £^g(P(y)) ^ p^Sq{X) 0 0(Tp)'^ is given by 

f{-Vn) 




0*=! y^) 

To summarize, we have the following Quillen-Weyl-Kac formula. 


Proposition 3.18. Let V ^ X be a mnk-n G-vector bundle with p : P(P) ^ X the projection. 
The push-forward pp : p%^,Q{Tp) given by 

(2) -r 

j=l nj=l Cp(V)^(yi Vn) 

for any local section f of p%^&{Tp). Here {i,n) G is the transposition. 


An illustrating example of this formula will be given in Lemma 5.3. 

Let G = SU 2 C G^ = PGL 2 (C) acting on in the natural way. We identify P^ with P(A^), 
and T with whose action on A? has weights —a/2 and a/2. The projection P^ —>• pt will be 
denoted by p. Let pj : P^ x P^ —?■ P^ be the i-th projection, for i = 1, 2. 


Lemma 3.19. 


We have the following formula for pi^p\ : Q{Tp) — 


■pi •' 



So,cr(x) cj(x) 

T^i-Xa) -diXa)' 


Proof. Write the coordinate of 21 g(P(A^)) = 2l'r(pt) = E as (x). The Sa-action on 21 g'(P(A^)) 
sends (x) to (—x). The fact that the T-action on A^ has weights —a/2 and a/2 implies that the 
GKV projective classifying map Cp( 42 ) : E ^ E x E sends x to (—x,x). 

Recall that we have a natural isomorphism 

21g(P^) = E^ (A/ 62 ) xe( 2 ) (A X A) 

with the map A ^ (A/ 62 ) x {E x E) given by x 1 —>■ (x, (—x,x)). By our convention, we write 
the coordinates of the A x A-factor as (?/i,?/ 2 )- We consider any local section a of Ty(P^) on 
(A/ 62 ) X (A X A) as a 0{{E/&2) x A-valued function a{y 2 ) in the variable 1/2 G E. Note that 
the map A ^ (A/ 62 ) x^( 2 ) (A x A) induces an isomorphism from A to the last A-factor in 
(A/ 62 ) X (A X A). In particular, in the Quillen-Weyl-Kac formula y 2 can be substituted by x, and 
yi can be substituted by —x. The Quillen-Weyl-Kac formula (2) yields 

(y{x) 

'&{X-a/2 - Xa/2) ^{Xa/2 “ X_a/2) 

Sa(y(x) a(x) \ 

□ 


Pn[P2^ = 


3.6. Convolution with Lagrangian correspondences. Now we briefly recall that convolution 
with Lagrangian correspondences defines an associative algebra. For details, we refer to [GKV95, 
§ 2 . 8 ]. 

Let Mi be smooth G-manifolds, for i = 1,2. Let W = T*Mi, endowed with G-action such that 
Ni —>■ Mi is equivariant. Let Z C A*(Mi x M 2 ) be a regular embedding of G-invariant subvariety, 
not necessarily smooth or Lagrangian. With notations 

Ml T*Mi A T*M2 M 2 , 
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then the line bundle 

Eg(Z) := 0 (pr 2 ) ® 0(pr^ b*,Ni) ® 0(pr^ 

on 21 ^ defines a map 

TTz^EgIZ) Jtom2i^(7rMi*&(^l)~\TrM2*&(-^2)~^}- 
Lemma 3.20. Then Eg(Z) = 0z(-h/i x N 2 ) ® 0(pr* ( 8 > 0 (pr 2 62 -^ 2 )”^ 

Proof. By definition, pr 2 is the composition i : Z ^ Ni x N 2 and pro 2 : A^i x N 2 —>■ N 2 . Hence 

0 (pr 2 ) = QziNi X N 2 ) ( 8 ) 0(pr* TNi)-\ 

We have that TNi is an extension between TMi and Ni, considered as G-vector bundles on Mi. 
Therefore, Q{TNi)~^ = 0(TMi)“^ (g) Q{Ni)~^. Plug it in to the dehnition of Eg{Z), we get the 
conclusion. □ 

Lemma 3.21 ([GKV95], (2.8.4), (2.8.5)). Let M 3 be a smooth G-manifold, and = T*M 3 , and 
Z' C A ^2 X AI 3 be a closed subvariety. Then 

(1) The composition of actions lifts to a morphism 

T^zf^ciZ) ® 'Kz’f^GiZ') —)• TTZoZ'f^GiZ O Z') 
which is associative in the usual sense. 

(2) When Mi = M 2 = M and Z o Z = Z, then ttz*'^g{Z) is a sheaf of algebras and 
on 21 g is a representation of it. 

As a consequence of Corollary 3.15, we have the following property about change of groups. 

Corollary 3.22. Notations as above, let 4> : H ^ G be a group homomorphism. Let '■ 

SIg he the induced morphism. Then there is an isomorphism tt^^Eh{Z) = (j)^{7r^^EG{Z)), which 
commutes with convolution. 

In particular, if A^i and N 2 are both endowed with trivial G-actions, then there is an isomorphism 
Tr^fET{Z) = p^^(£’(Z)) where pstr projection 21 ^ —>■ pt. 

Let T be a torus, and let a € 2lr be an i?-point. Let T{a) < T be as (1). The inclusion 
i : ^ induces 

(3) : 0t{Ni X N 2) ^ %*0r(a)(A'r^“^ x iVjW). 

Assumption 3.23. Let ^ be a 1-dimensional representation of G, and assume the G-action on 
the fiber direction of T*Mj is given by the induced action on Mj twisted by Assume Z is a 
Lagrangian subvariety. 

As a consequence of Lemma 3.17, under Assumption 3.23, multiplication by e(T^T(Q)Mi)“^ ( 8 > 
e(r^T(.) M 2 ) ^ is a well-defined rational morphism of sheaves 

(4) Q{ptI blT*M^^'^^) ® 0(pr^ b^T*M^^'"^) 0(prt blTMi) (g) 0(pr^ b^T*M 2 ) 
on 2t'r, which is regular and invertible on a Zariski open subset containing a. 

Proposition 3.24 ([GKV95], (2.10.3)). Under Assumption 3.23, let 

Pa : '^'z*'^t{Z) 7r^T(a)^ST(Z^*^“)) 

he the rational morphism which is the composition of (3) and (4). The following is true. 
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(1) There is a Zariski open subset ofi^lT containing a, the restriction of pa on which is regular 
and invertible. In particular, pa is invertible on the stalks over a G Sly. 

(2) Pa commutes with the convolution. 


Let 4> : T ^ T/T{a) be the quotient and let 
Corollary 3.22, we have an isomorphism 


sir —2tT/T(a) be the induced map. By 




which commutes with convolution. When T{a) = T, 2lT/r(a) is Speci? and is 

as i?-modules. Summarizing Corollary 3.22 and Proposition 3.24, we get the following 
bivariant Riemann-Roch theorem. Let Ra be the skyscraper sheaf at the R-point a G SIg- 


Theorem 3.25. Assume a G 2tr is such that T{a) = T. Then morphism 

TTz^EciZ) Ra ^ R) 

induced by pa is an isomorphism, and commutes with convolution. If Z o Z = Z, then the above 
map is an isomorphism of algebras. 

Here, is the Borel-Moore homology with R-coefficients, endowed with the convolu¬ 
tion product, and the isomorphism is the usual bivariant Riemann-Roch 

Theorem (see also [ZZ14, Corollary 5.8]). 


4. The elliptic affine Hecke algebra: the algebraic construction 

In this section, we recall the definition of the elliptic affine Demazure algebra and the elliptic affine 
Hecke algebra. We prove some basic properties about the structures of these algebras. Throughout 
this section we assume that R is an integral domain, unless otherwise stated. 

4.1. The elliptic affine Hecke algebra. We recall the notion of root datum following [SGA3, 
Exp. XXI, § 1.1]. A root datum is a lattice A, a non-empty S C A subset, together with an 
embedding S ^ A^, a i—)• where A'^ is the dual of A. An element in S is called a root, and the 
sub-lattice A^ of A generated by E is called the root lattice. The set A^ = {w £ A( 8 )zQ ] {u, a'^) G 
Z} is called the weight lattice. One can similarly define the dual weight lattice Af,. The rank of A 
is called the rank of the root datum. A root datum is irreducible if it is not a direct sum of two 
non-trivial root data, and is called semi-simple if A^ Q = A Q. We always assume that the 
root datum is semi-simple. A root datum is said to be adjoint (resp. simply connected) if A = A,, 
(resp. A = A^). 

A subset <I> = {Q;i,...,a„} C E is called a set of simple roots if it is a basis of A,.. A choice 
of <I> leads to a decomposition of Einto a disjoint union of negative and positive roots E“ U E"*". 
The automorphism A —>■ A : A i—>• A — (A, Q;^)a determined by a G E is called the simple reflection 
determined by a, denoted by Sq. The Weyl group W is the subgroup of Aut(A) generated by all the 
simple reflections. For a* G 4>, denote Si = Sq... The Weyl group is also generated by {s, | a* G 4>}. 
For each w G W, define E('u;) = wT,~ n E+. 

We now recall the definition of the elliptic affine Hecke algebra given in [GKV97]. Let L be a 
free abelian group of rank one, and let E be an elliptic curve over a commutative ring R. Consider 
21 := £'( 8 )z(r 0 A^) = which is an abelian variety. Each group homomorphism A : r©A'^ —)■ Z 

extends to a map of abelian varieties xa : 21 —)• R = R( 8 )zZ. In particular, each a G E defines a map 
of abelian varieties Xa- Let R“ be the divisor of 21 defined by the kernel of Xa- Let 7 : L © A^ — >■ Z 
be a group homomorphism which is zero on A^ and isomorphism on L. Let be the divisor on 
21 defined by the kernel of Xa — Xt We have , R“ = R““, and w{D°‘) = D'^ The action of 
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the Weyl group W on naturally extends to an action on 21. Let vr : 21 —2t/hL be the quotient, 
and S := on %IW. There is a natural action of W on the sheaf S. Dehne Sw := <S x W, a 

coherent sheaf of associative algebras. Note that 5 is a sheaf of modules over Sw- On any open 
subset, sections of Sw coming from elements in W will be denoted by <5^. For any root a € S, we 
write Sa = • 

Let 21'^ := (2l\(UQ,gs-D“))/lT, and let j : 21'^ ^ 2t/lT be the inclusion. The action of Sw on <S 
induces a morphism p : > (^nd(5|2t=). Applying j*, we get a morphism 

j^p : j*{Sw\<n<^/w) j* ^iid(5|2tc/u/)- 

Let p : (fnd(<S) —>■ j* (f’nd( 5 | 2 tc) be the right adjoint to the natural map j* A’nd(<S) —ffnd( 5 | 2 tc). 

Definition 4.1. We dehne T? to be {j*p)~^ (p((o’nd(<S)), as a quasi-coherent subsheaf of algebras 
of j*{SwW<^/w)- 

We consider local sections of j*{SwW<^) written as Ylwew where fw are local sections of 
satisfying the following conditions. 

R1 for any root o. and w G W, each has a pole of order at most one along the divisor D"; 
R2 for any root a and w € W, the residues of fw and fs^w along the divisor D°‘ differ by a 
negative sign; 

R3 for any a G Ll(tc), vanishes along the divisor Zl"’'*'. 

Definition 4.2. [GKV97, Dehnition 1.3] The elliptic affine Demazure algebra V is dehned to be 
the quasi-coherent subsheaf of j*{Sw\%'^) whose local sections satisfy conditions R1 and R2. The 
elliptic affine Hecke algebra % is dehned to be the quasi-coherent subsheaf of T> whose local sections 
satisfy R3. 


Remark 4.3. Fix a local uniformizer of E, which dehnes an elliptic formal group law Ff,. Then 
the completion of the stalk of 0% at the origin of E is precisely the formal group algebra dehned 
in [CPZ13, Dehnition 2.4], and the completion of P and H at the origin of 21/lT, are the elliptic 
formal affine Demazure algebra Di?^ and the elliptic formal affine Hecke algebra considered in 
[ZZ14], respectively. For general formal group law F, the dual of Dj? is the algebraic model of the 
corresponding equivariant oriented cohomology of complete hag variety. For more details, please 
refer to [CZZ12], [CZZ13] and [CZZ14]. 

The following proposition will be referred to as the structure theorem of the elliptic affine De¬ 
mazure algebra and the elliptic affine Hecke algebra. 


Proposition 4.4. [GKV97, Theorem 4.4] Let J be the sheaf of ideals in S corresponding to the 
divisor on 21. We have 

V = 3 

as sheaves of algebras on %jW, and Li is isomorphic to the subsheaf of algebras ofV consisting of 
sections u of V such that 

C tt^J. 


For any / rational section of which vanishes of order 1 along the zero section of E, dehne 
Sing(/) to be the set of non-origin zeros of / union with the set of poles of /. Dehne 


J^f _ f iX'y) _|_ _ fiX'r) 


fiXo 


fiXc 


)^a, 


which is a regular section of 7Z on the open complement of ^(Sing(/)) U Xo,^(Sing(/)). 
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Example 4.5 ([GKV97], § 4). Let E be a complex elliptic curve. Let x be an order-2 torsion 
point on E, and consider the Jacobi-sign function sn, which is the unique rational function that has 
simple zeros at the origin and x, poles of order 1 at the other two order-2 points, and derivative 1 
at the origin. According to Definition 3.1, sn is a local coordinate of E. The sheaf of algebras S is 
TTifOj^n+i. Let 

Then V. is the subalgebra of End(Lr°(lL, S)) generated by H^{V, S) and Tq, = + (1 “ sn(x^) )'^Q 

for a € <1>. 


4.2. Filtration by the Bruhat order. For any w € VF, define T-i<w C to be the subsheaf 
whose local sections consist of J2y<w fy^y Denote "Hw = l-L<w/'H<w 

For any point p € 21, for any simple root a, let pa be the a-coordinate of p. Let fp^a be a rational 
function on E such that p, —p ^ Sing(/p^Q,). Note that such a function always exists (although non¬ 
unique). Let Ua,p C E be the open complement of Sing(/p^Q,) U Sing(—/p^c). Then U := Ua,p is 
a bF-invariant open subset of 21 that contains p. This open subset U depends on p and fa,p- 


Lemma 4.6. For each w € bF, we fix a reduced sequence Iw = (fi, ■■■fii) of w, i.e., w = Si^ ■ ■ ■ s^. 

(1) The sheaf of rational sections of S, whose local sections consisting of f that has simple poles 

at each divisor D°‘, and vanishes along the divisors for each a € is a locally 

free of rank 1 over S. 

(2) On UjW, the sheaf in (1) is globally free, generated by Ej^ := (1 — • • • (1 — 

~fa~pfXa~f) 


fan 


(3) T-Lwlu/W froe of rank 1 as a module over S\ij/\y, generated by := Tai 






Proof. Claim (1) is clear. Claim (2) is a consequence of (1). An easy calculation as in [CKV97, 
Lemma 2.8.(ii)] shows that T/^ — Ej^Sw € 'H<wl[//w- Hence, (3) follows from (2). □ 


The following theorem is essentially proved in [CKV95]. 


Theorem 4.7. bFe have the following 

(1) Hu} is a locally free sheaf of modules over S of rank 1; 

(2) % is a locally free sheaf of modules over S of rank \ W\; 

(3) H is a locally free sheaf of modules over Ogi/VF rank |bFp. 

Proof of Theorem f.l. We prove, by induction on Bruhat order, that is locally free of rank 
fffiy € bF I y < w}. The rest of the theorem follows easily from this, where the inductive step is 
taken care of by Lemma 4.6. (3) above. □ 


4.3. The elliptic Demazure operators. Recall that 0(—{0}) is the line bundle corresponding 
to the divisor {0} on E, and i9(x) is the natural section of 0(—{0})^. Let Ca = 0{—D^), and let 
'^{Xa) be the section of which is the pull-back of d along Xa ■ ^ ^ E. For each root a, we 
define 

^ _ 

“ ■ ^iXa) ^{Xa) “■ 

Considering as a section of then Xa is a well defined element in 

E0(2l/W,i*(^om(5,7r*/:^)|2t.))- 

For Oj G we write Xi = for short. 
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Lemma 4.8. For any root a, the element Aq, := p{Xa) G .^om(5,7r*£^)|2ic/^ extends to a global 
section 0 /J^om(5, 

Proof. It suffices to show that for each local section u of 5 on an open set U, the element p{Xa)(r 
in is regular along the divisor U H 7 r(Z)"). This in turn amounts to show that on 

U n ‘OFfW, the rational section of 

a - Sa(o-) 

^(Xa) 

has numerator vanishing along the divisor 7 r(L)“). But this is clear from definition. □ 

Lemma 4.9. The operators satisfies the following relations: 

(1) ^wXaS.^ — 1 ^ 

(2) for any open U and a G H^{U,S), X^cr — Sa{a)Xa = Ao((t). 

(3) A2 = 0. 

Proof. (1) follows from the fact that w{i!}{xa)) = '&iXw{a))- (2) follows from calculation similar as 
in the twisted formal group algebra case. (3) follows from the fact that ??(Xo) = —'&{X-a)- D 

4.4. The enlarged elliptic afiine Demazure algebra. Recall 

S= 0 Cx. 

AGZ[X*(r)] 

Lemma 4.8 implies that X^ is a global section of (o’nd(iS) for any a G S. 

Similar to the situation of 5, we define Sw = S x W, and hence we have p : S]y —>■ ffnd(5). Let 
p : (fnd(S) —>■ j*(fnd(5|a=) be the right adjoint to j* ^nd(S) —>■ ffnd( 5 | 2 ic). We define T>^ to be 
(j*p}~^ (p(^nd(S)^ , as a quasi-coherent subsheaf of algebras of where j^,p : j*{Sw\^<=) 

(fnd( 5 | 2 [c) is applied to p. 

We define to be the subsheaf of whose local sections consist of fw^w where 

fio^s are local sections of j*(5|ac) satisfying conditions R1 and R2. Clearly X^ is a global section 
of P® for any a G S. Similar argument as [GKV97, Theorem 4.4] shows that = P®. 

Definition 4.10. Let P® be the subsheaf of O^i/^y-algebras of on 21/lT, generated by 

the image of 5 —>• j*{Sw\‘ 2 i<^) and Xi with i = 1, ..., n. 

By definition and Lemma 4.9, X^ is a global section of P®. Lemma 4.8 implies that there is a 
morphism —>• (^nd(5) of sheaves of algebras on ^jW, hence, P® is a subsheaf of algebras of V^. 

Theorem 4.11. If R is an integral domain containing 1/2, then P® = P® = P®. 

Proof. This is a local property, so we can reduce to an open subset of ^fW. Then P® = P® follows 
similarly as [ZZ14, Theorem 3.8]. □ 

For any sequence I = (R, ...,ffc), we define 

Xj — o • • • o Aq. 

We use Iw to denote a reduced sequence of re G IF. According to [BE90], this definition depends 
on the choice of /«,. Modifying the arguments in [CZZ12] and [ZZ14, § 3], we get the following 
properties: 

Proposition 4.12. If R is an integral domain containing 1/2, we have the following properties. 
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(1) basis of T>^ as a sheaf of left S-modules. In particular, is globally free 
as a sheaf of S-modules. 

(2) is generated as a sheaf of algebras locally generated by S and Xa,a € S. 

(3) The induced morphism of sheaves T>^ —>■ ffnd(iS) is injective. 

Proof. All results follow similarly as the corresponding facts in [CZZ12]. More precisely, (1) follows 
from Proposition 7.7, (2) follows from Lemma 5.8 and (3) follows from Theorem 7.10 of [CZZ12]. □ 


4.5. Geometric meaning of the elliptic Demazure operators. In this subsection we are back 
to the assumption that i? is a Q-algebra. Let G be a connected, simply connected compact Lie 
group, T be a maximal torus. Note that W naturally acts on X*(T) = A, hence acts on 21^. The 
quotient iHr/W is the moduli scheme of fiber-wise topologically trivial stable principal G®''®-bundles 
over . Let tt : 21^ —>■ 21t/VL be the natural projection. 


Lemma 4.13. Let P be a connected closed Levi subgroup of G such that T < P. Let Wp be the 

IP 

Weyl group of P. Then, there are isomorphisms 2lp = , and 2tp = Qlp/Wp, making following 

diagram is commutative. 

2lp- > 2lp 



All the maps can be identified with quotient maps by the Weyl group action. 


Proof. This follow directly from Assumption 3.4 (3). 


□ 


For any simple root a, let Pa be the corresponding minimal parabolic group. Let p : G/T — 
G/Pa be the natural projection, which is a P^-bundle. It induces a morphism p^ : S^G/Pa) ^ 
£q{G/T), and after taking spectra, we have p^ : 21^^^ —>■ 21^^^“. It induces a morphism pt* : 
p^O^G/Pa O^G/T, and from Section 3.4, we have the pushforward pjj : &(Tp) —>■ p^iO^G/Pa = 

p*^£UG/Pa). 

Proposition 4.14. The following diagram commutes 

©(Tp) -^ O^^G/B 

Ca -^ G G/B . 

^G 

Proof. Without loss of generality, we assume G = PSU 2 C = PGL 2 (C) acts on in the usual 
way, and p : P(A^) —pt is the natural projection. The diagram 

pi X P^ — —^ pi 

p 


Pi 

pi 
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is a transversal Cartesian diagram. By base change, op^ : Q{Tp) —>■ is naturally equivalent 

to the map PijjP 2 ■ &iTp) —>■ O^pi. The latter is calculated in Lemma 3.19. Therefore, we are 
done. □ 


5. The elliptic affine Hecke algebra: the convolution construction 


In this section, we prove the isomorphism between the elliptic affine Hecke algebra and the equi- 
variant elliptic cohomology of the Steinberg variety. Throughout this section, is a connected, 
simply-connected compact Lie group, with maximal torus T. Let B C be the Borel. Let 
B = G^/B = G/T as variety over C. 

5.1. Convolution construction of the Demazure-Lusztig operator. Recall that in B x B, 
the orbits of the diagonal G'^-action are in natural one-to-one correspondence with elements of the 
Weyl group W. Let Tq be the orbit corresponding to the simple root a E Its closure Ya is the 
union of Ya and Ba, the latter being the diagonal. Let Za '■= T^{B x B) be the conormal bundle, 

considered as a closed subvariety of A/" x J\f, and denote pa ■ Za ^ Ya- Note that Za is smooth, 
and the second projection pr 2 : M x M ^ M is proper when restricted to Za- Without causing 
confusion, we will denote the restriction of pr, to Za still by pr^ for i = 1, 2. Via convolution and the 
embedding Za ^ Z, a local section rj of HgxSi (-^a) defines local a section of £'nd<^ , oi (A/")), 

which will be denoted by ri*z- 

Let p 2 ■ Ya ^ B he the second projection B x B ^ B restricted to Ya- It is a fiber bundle with 
each fiber isomorphic to Let be the relative cotangent bundle p 2 , which is a line bundle on 
Ya- Define Ja ■= Pa^^p^ on Za- 

Let / be a rational section of Define 


( 5 ) 


ejJa) _ A _ Cl(feg) \ 

e(Ja®kg) c{(Ja)J’ 


which is a rational section of EQy^gi(Za) = 0 (pr* (g) 0(I7 q-)^.^ 

For any local section (j(x) of <S, we have 


( 6 ) 


(rZ„ - 1) • a(x) 


( fiX'y) 


I)(s«(t(x) - Cr(x)) = I?(Xa)(l 


f{X'y) ., Saa{x) a{x) 
f{Xa) v{X-a) ^(Xa) 


Theorem 5.1. With notations as above, 

4*Z = {Tla - 1 ) 

as rational sections o/(£’^^gi(AA)) = (fnda^^^^ 2t/IT(<S) 


The proof of this theorem is similar to that of Theorem 6.3 in [ZZ14]. However, there are 
differences due to the phenomenon of Thom bundles in equivariant elliptic cohomology. Therefore, 
we include the proof for convenience of the readers. 

We need the following lemma to simplify our calculation. 

Lemma 5.2. [CG97, Lemma 5.4.27] Let j : Za ^ M x Af be the natural embedding- Let 62 : 
M X M ^ Af X B he the identity on the first factor and the bundle projection on the second factor. 
Let i : B X B ^ A\f X B be the zero section. 


^Note that although ZGs are conormal bundles to orbits in B, Proposition 2.8.6 in [GKV95] does not apply, since 
the S^-factor in G x 5"^ acts non-trivially on T*B but trivially on B. 
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Then, iob 2 oj is a well-defined injective map of sheaves of algebras 
B). Moreover, the following diagram commutes 

^Zc*=GxSi(^a) - 

i*ob2*ojf ^ 

ttbxB^^GxS^ {B X B) ^ ^nd( f 0 {B)). 

5.2. Rank-1 case. Now we assume G has rank 1. The only simple root is denoted by a. In this 
case, B = ¥’^, and = Tq, = x P^. We identify P^ with P(A^). Let T = acts on with 
weights —a/2 and a/2. For any character A, the line bundle C\ is isomorphic to C1((A, a'^)) on P^, 
and ripi = Cl(—2). The line bundle Ja = identified with 0{—2) Kl O^i. The map 

fi op 2 tt o j : "^Zc^^cxSi(-^a) T^BxB*'B.Qy^si{B X B), according to the Thom isomorphism Theorem, 
is multiplication by e{Ja ® kg). Consequently, we have 

^ e( 0 (- 2 )^ 0 pO / _ c{{kg) \ 

" e{0{-2)m0pi^kg) y c({0{-2)m0pi)) 

as a rational section of 7 rz^*Hgx 5 i(^«)- 

Let Pi : P^ X P^ ^ P^ be the z-th projection for z = 1,2. The Euler class e{Ja) = z?(x«) 
is a global section of TTpixpi^E^jx^i(IP^ x IP^) — 'Tpixpi*0(^o)^- Hence, we have the operator 
e{Ja)*B G (^-GxSi (^^))' 

Lemma 5.3. For any local section a of (Pi), we have 

eiJa) *Bcr = a - s^cr. 


Proof. We have 

Pn{e{Ja)pl{cr)j = pi^{p\{eO{2))-plia)^ 

= e{0{2)) ■ pi^ (pla^ 

= i^iXa) ■ Pii (pI^) ■ 

By Lemma 3.19, '&{Xa) • Pi# = a — SaCr. Therefore, we are done. □ 

By the projection formula and Lemma 5.3, we have the following more general formula. 

Lemma 5.4. Let ai he a local section of OexE — ^gx 5 i(^^)’ 'Bhen any local section ai of 
£’gx 5 i(IP^) is sent by e{Ja)*B to the following operator on £’^^_gi(P^), sending any local section <72 
to 

{e{Ja) ■ Pl(o'l)) *B 0-2 = fJi • ((72 - Sq,(72) . 

Proposition 5.5. The effect of the operator Ja*z on any local section a o/£^g^^i(P^) coincides 
with that of T^^ — 1 under the identification S = OexE — 








26 


G. ZHAO AND C. ZHONG 


Proof. By definition and Lemma 5.2, Ja cr = pijj 
Recall that G = SU 2 , by Lemma 5.4, we have 


(p|(a)) ■ ® K O) ■ j/ 





Comparing with (6) we know that the effect of Ja on any local section a coincides with that of 
— 1, so the conclusion follows. □ 

5.3. Convolution algebra of the Steinberg variety. The goal of this subsection is to prove 
the following. 


f E f 

Theorem 5.6. The assignment sending the rational section Ja of % to the rational section Ja 

of EQ^gi{Z) for any simple root a and any rational function f of E extends to an isomorphism 

T : JL = Trz*^GxS^(^) of sheaves of algebras on St^xsi- 


The proof goes essentially the same way as its classical counterpart in [CG97]. Nevertheless, the 
fact that JL has very few global sections makes differences. We outline the proof in the rest of this 
section, with emphasize on the parts that are different. For simplicity, in the remaining part of this 
section, we will omit the subscript G x in EQ^gi{Z). 

For any w G W, let C B x B he the orbit corresponding to rc € W, and denote = 
X B). Let Z<yj = be the closed subvariety of Z, and i^, i<w and be the 

natural embeddings. Using long exact sequence of cohomology and the vanishing of odd degree 
cohomology, we see that the induced map i<w* on cohomology is injective. Similarly, we have short 
exact sequences 0 —)• 0, and H(Z^) is a line bundle 

on 

Lemma 5.7. The sheaf 7rz*'B.{Z) is locally free, and the action of 7rz*'B.{Z) on £q^^i(B) is faithful, 
i.e., the morphism 7r^*H(Z) —>■ (fnd 2 [(T^^gi(R)) is injective. 

Proof. Exactly the same way as [GKV95, Lemma 4.6.1]. □ 

By definition of TL, the natural morphism ji — (Pn(l^jy/{S) is injective. Therefore, we get the 
following consequence of Lemma 5.7. 


Corollary 5.8. The assignment in Theorem 5.6 extends to a well-defined morphism T : 77 —>■ 
7r^*H(Z) of sheaves of rings, which is injective. 

Now we finish the proof of Theorem 5.6. 

Proof of Theorem 5.6. Clearly T is filtration preserving. It induced a morphism gr^ T on associated 
graded piece JLw —t which is a morphism of rank 1 locally free sheaves of module over 

5. 

Let Iw = (U)..., v) be a reduced sequence of w. For any p G 21, we fix a collection of rational 
functions {fai.,p | J = Ij •••t}) an open neighborhood U of p as in § 4.2. For each simple root 
a, we say a local section s of 'E(Za) is invertible if there is a local section s' of on the same 
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open set such that s is 1 G 5. 


In particular, on U the element 


e{Ja) 




is 


invertible as a section of 

Following the proof of [CG97, Proposition 7.6.12. (2)], we define pr^j+i : (T*BY^^ T*{BxB) = 
T*{B) X T*{B) to be the projection to the {j,j + 1) factor, and define Zi. = pr“j_|_^(Ty^ {B x B)), 


for j = 1,..., r — 1. The projection 


restricts to an isomorphism 


^ N '^*2 ^jv 




Zi,nz,,n---nZi^^T^jBxB). 

Consequently, the section ^ invertible in 

E{Zi^ n Zi, n • • • n ZiY\u = s(z^)|c/. 


By the same argument as [CG97, Theorem 7.6.12.], when restricted to the convolution of J/^ 
is equal to gr^ T{Tj^) (where is as in Lemma 4.6). Hence, the restriction of T is a morphism 
T~l.w\u 'B,{Zy,)\ij which sends the generator T/^ of the source to the generator of the target. 
So gr^ T is an isomorphism of sheaves of modules over S. By the same argument as [CG97, 
Proposition 2.3.20.(ii).], the fact that grX is an isomorphism implies that T is an isomorphism. □ 


6. Geometric construction of representations at non-torsion points 

In this section, we assume E is an elliptic curve over C (although all the results in this section 
are true if more generally the base held is characteristic zero). Again, G is a connected, simply- 
connected compact Lie group. 

As 77 is a coherent sheaf of algebras on the Noetherian scheme 21/lT, any irreducible representa¬ 
tion of 77 is supported on a closed point of %/W. We generalize Kazhdan-Lusztig’s classihcation of 
irreducible representations of affine Hecke algebra [KL87] to the case of elliptic affine Hecke algebra 
at closed points of 21 /VF whose y-coordinate is non-torsion. 

Definition 6.1. A representation of 77 is a coherent sheaf on 21/lT, which is a sheaf of modules 
over 77. 

6.1. Reminder on the decomposition theorem. We recall briehy basic facts about represen¬ 
tations of convolution algebras, following [CG97, § 8 . 6 ]. 

Let f : M ^ N he a, projective morphism of quasi-projective complex varieties, with M smooth. 
Let Dy{N) be the derived category of constructible sheaves on N. Let X = M x^ M. Then 
77*(A; C) is endowed with a convolution product, and 77*(A; C) = Ext)^i,^^^(/*CM) as associative 
algebras. Applying the decomposition theorem [BBD82] to /*Cm 5 we get 

/*Cm = ^ ® P4>[k], 

where k runs through Z and (j) runs through the set of isomorphism classes of simple perverse 
sheaves. Consequently, \ 7 ^ 0} is a complete set of pair-wise non-isomorphic simple 

modules over 77*(A;C) (see, e.g., [CG97, Theorem 8.6.12]). 

If furthermore / is a G-equivariant map between G-varieties, such that N has only finitely many 
orbits, then we can label the set of simple perverse sheaves (j) in the decomposition above by pairs 
(0,x), where O is an orbit in N, and x is an equivariant local system on O (see, e.g., [CG97, 
Theorem 8.4.12]). Choosing a base point xq for each orbit O, and writing its isotropy subgroup 
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as Gxq, then the local system x is identified with an irreducible representation of the component 
group G(rEo)/G(a:o)° (see, e.g., [CG97, 8.4.13.(ii)]). 

In the equivariant set-up, we define the standard 77*(X, C)-modules as follows. For each O, let 
X € O and let be H*{ix/^Cm) with the Ff*(X)-module structure, where ix '■ {x} is 

the embedding. For each cj) = let H^{Mx)(fi be the component in H^{Mx) that transforms 

as (j) under the component group action. This is a submodule of H^,{Mx). We have 

H^Mx) = 0 ® H*{ixIC^), 

4 > 

which does not depend on the choice of xq. Then, the standard module H^,{Mx)x has a simple 
top, which is isomorphic to the simple module For any two parameters V' = ( 0 ^,x^) and 

(j) = the multiplicity of the simple object in the standard module H^{Mx)ip is given 

by 

[H,{Mx)^ : L^] 

k 

(see, e.g., [CG97, Theorem 8.6.23]). Here the simple perverse sheaf is the intersection cohomol¬ 
ogy sheaf ICfji associated to the local system Xcp on O^p. 

6.2. Pontrjagin duality. We recall some well-known facts about the moduli space In a 

simply connected compact Lie group G, for any pair of commuting elements si,S 2 G G, there is 
a maximal torus T < G and some g ^ G such that g ■ si ■ g~^,g ■ S 2 ■ g~^ G T. Fix a maximal 
torus T < G, for any two pairs of elements {gi, g 2 ), {hi, h 2 ) G T^, if there is g' G G such that 
9'9i ' 9~^ = hi and g ■ g 2 ' g~^ = ^ 2 , then this g can be chosen from the normalizer of T in G. It is 
well-known that a closed point in Sic corresponds to an ordered pair of semi-simple elements in T, 
up to simultaneous conjugation. Equivalently, %g — Tx T/W. When G = T, this yields 21^ = T^. 

This isomorphism can be made more explicit, after fixing an isomorphism E = x S^. By 
definition of 21 t, any closed point a G defines a homomorphism of abelian groups a : X*(r) —)■ E, 
hence defines an element in Hom(X*(r), x S^) = T^. This assignment sending a G 21 to a G 
is denoted by 

Lemma 6.2. Let a G 21^ be any closed point, and let DD{a) = (si,S 2 ) G T^. Recall that T{a) = 
Flaeay/F'. Then T{a) PT is the minimal closed subgroup of T generated by si and S 2 - 

Proof. Closed subgroups of T form a lattice under inclusions, and so do subgroups of X*{T). There 
is an order-reversing one-to-one correspondence between these two lattices, sending any T' < T to 
the kernel of the quotient X*(T) -» X*(r'). 

Let T' be a closed subgroup of T. Then a G 21t' C 21t if and only if the morphism a : X*(r) —>■ E 
factors through X*(r) ^ X*(r'). In turn, this happens if and only if DD{a) is contained in the 
subgroup T' xT' PT xT. Therefore, the smallest closed subgroup T' < T with the property that 
a G 2 I 7 ’' C 2lr is also the smallest closed subgroup of T' < T with the property that DD{a) G T' x T'. 

The later is the closed subgroup of T generated by si and S 2 - D 

Let be the corresponding algebraic torus containing T as a maximal compact subgroup. 
Clearly, Hom(X*(T), C*) = and Hom(X*(r), = T. Intersection with T defines an 

inclusion-preserving one-to-one correspondence between algebraic subgroups of and closed 
subgroups of T. In particular, for any subset Z P T, the smallest algebraic subgroup of 

containing Z corresponds to the closed subgroup of T generated by Z. Composing DD : 21t — > 
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with the natural embedding and the embedding C we get a map 21^ —which, 

without causing confusion, is also denoted by DD. 


6.3. A non-vanishing theorem. In this subsection, we fix a quintuple S 2 ,q 2 ,x)^ where 

Si T, qi ^ C*, and x € AA such that Sixs~^ = qiX for z = 1,2. We assume that qi and q 2 are 
not simultaneously roots of unity. Without loss of generality, we assume q\ has infinite order. Let 
u = (z In this subsection we prove the non-vanishing theorem (Proposition 6.7). The proof 
is similar to [KL87, § 7.1] (see also [CG97, § 8 ]). 

Following [KL87, § 7.1], we fix (not-necessarily continuous) group homomorphisms u, : C* ^ M 
(the additive group) for i = 1,2 such that ui(gi) > 0 and V 2 {q 2 ) > 0. The existence of such V 2 
follows from [CG97, Lemma 8.8.12]. Also fix cj) : SL 2 (C) —>■ G®"'® such that </>( q }) = n. For z = 1, 2, 
let sf = (/)( Q* g-i), and let s' = (sf)“^ • Sj. One can easily check that s' commutes with (/)(SL 2 (C)) 
for i = 1,2, and s'^ commutes with s^. Then there is a decomposition of g into simultaneous 
eigenspaces of s'^, s^, and (/>( ^ ) for any z € C* as follows 


( 7 ) 


0 - 0 

«ieC*, 02 GC* 


0a 


li 02 


where 


0 ai,a 2 j = {y € 0 1 s' • y • (s') ^ = UiV for z = 1 , 2 , and </>( ^ ) • y • (/>( ^ ^ = z^y}. 

Define pj = 0oi,o2,i for z = 1, 2, and define p = pi n p 2 . Let the parabolic subgroup of 

G corresponding to pj be Pi for z = 1, 2, and let P be that corresponding to p. Let Lj be the Levi 
subgroup of Pi for z = 1, 2, and L be that of P. 

Let G(si,S 2) (resp. G(si,S2,x)) be the simultaneous centralizer of si and S2 (resp. si,S2 and x) 
in and let 0(si, S2) (resp. 0(si, S2, x)) be its Lie algebra. Define g g | . y . 5-1 = 

qiy for z = 1, 2}. We write g(si, S2) n p as p(si, S2), and p n g^^’^^as 

The following lemma is essential in the proof of the non-vanishing theorem. Its proof is almost 
the same as that of [GG97, Lemma 8 . 8 . 22 ]. The key assumption is that xi(gi) is strictly positive. 


Lemma 6.3. The following is true: 

(1) g('5l;'52;^) ^ CD 0ai,a2,l? 

oi=q“-’,Q 2 =(}^Li >0 

(2) p(si,S2) 0oi,a2J) 

01=97''>“2=97''d >0 

(3) p®l’^2 — 0 goi,a2j; 

2—j 2—j 

oi=9i .02=92 

(4) [x,p(s)] = p^i’^L 

Proof. Recall that s( commutes with the image of (p for z = 1,2. Hence, the decomposition (7) 
induces decompositions of g(si,S 2 ,a:), p(si)S 2 ), and 
For any y G g(si, S 2 , a^) G gai, 02 , 9 ) we have 

y = Si-ys-^ = sf -{s'i-y (s')“^) • (sf)"^ = Uiqjy. 

Hence ai = q~^ for z = 1 , 2 . Recall that x G g is nilpotent, and u = e^ extends to the SL 2 - 
triple Jfi),cj){ \ )*)). Let G{u) be the centralizer of zz, and g(u) its Lie algebra. By [GG97, 

Gorollary 3.7.11], the eigenvalues of ) on g(si,S 2 ,x) C g(z() are all non-negative. Therefore, 

if g(si, S 2 , x) n Qai,a 2 ,j Contains y, then we have j > 0. 
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Similarly, for y G p(si, S 2 )r\Qai,a 2 ,j^ we also have a* = q~^ for i = 1,2. We have Vi{ai) = —jvi{qi) 
for i = 1,2. By dehnition of p, we have Vi{ai) < 0 for i = 1, 2. But ui(( 7 i) < 0, hence j > 0. 

The decomposition in (3) is proved in the same way as (2). 

To prove (4), we only need to show surjectivity of 


adx : © 001,02 J 

Qi=(j^'’,O2=g^^,i>0 

which is equivalent to surjectivity of 



0 Ql,Q 2 ,J) 


2—7 2—7 ••v.r) 

« 1=<?1 . a 2=72 > 7^2 


adx : 0 -j -j ■ 
.<?2 >7 




for j > 0. Indeed, the operator adx extends to an s[ 2 -action, which is the image of (j). According 
to the general theory of 5 l 2 -representation, adx is surjective on positive weight spaces. □ 


Let be the variety of Borel subgroups B such that si,S 2 G B and x G LieB, and let 

^p,si,s 2 _ g I B C P}. Then ^ 0, since any solvable subgroup of is 

contained in at least one Borel subgroup. 

Let O C be the G{si, S 2 )-orbit of x G M, and let O be the closure of O. The following lemma 
follows is an analogue of [CG97, Proposition 8.8.19]. 

Lemma 6.4. Let B G Bx’^^’^^ be a Borel subalgebra, and let n be the nil-radical of LieB. Then 

G(si,S2)-(nn0'*i’"2) = O. 


Proof. By definition, we have x G and x G n. Therefore, to prove this lemma, we only need 

to show that G(si,S 2 )x is dense in G(si, S 2 )p^^’^^. 

Note that x G and that p^i ’^2 jg stable under the action of P{si, S 2 ) := P (1 G{si, 82 ). We 

have a proper map 

G(si, S 2 ) Xp{si,S2) ^ 'S 2 ) ■ 

To show that G(si, S 2 )x is dense in G(si, S 2 )p^^’*^, we only need to show that the P{si, S 2 )-adjoint 
orbit of X is dense in But this follows directly from Lemma 6.3 and [CG97, Lemma 1.4.12]. □ 

Let j^('5i’7i).(«2,72) j^g the subset of M consisting of elements fixed by both (si,qi) and ( 52 , 92 )- 
Here the action of (s, q) G G*^^® x C* on n G AA is given by q~^ ■ {s ■ n ■ s~^). Define O to be the 
union of connected components of that intersect non-trivially with Bx^’^^- Then O 

is a G(si, 52)-stable subvariety of is both open and closed. 

So far we proved the following lemma, which is an analogue of [CG97, Theorem 8.8.1]. 

Lemma 6.5. With notations as above, we have /r(0) = O. 

Let L{si, 52, x) be the simultaneous centralizer of 5i, 52 , x in L. Let G(5i, 52 , x) be the component 
group of G(5 i,52,x), i.e., the quotient of G(5i,52,x) by its connected component containing the 

identity. Then, G(5i,52,x) acts on H*{Bff'^‘^) and H*{Bff’^^), where n O. 


Lemma 6.6. We have 

(1) G(5i,S2,x) C P; 

(2) the map of component groups L{si, S 2 ,x)/L{si, S 2 ,x)^ —G(5i,S2,x) is surjective. 


Proof. For i = 1, 2, let 

M{si,x) = {{g,q) G G x C* | gsig~^ = Si,gxg~^ = q^x}, 
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and let M(si,S2,x) = M{si,x) fl M{s2,x). It is shown in [KL87, Lemma 7.2(a)] (see also [CG97, 
Lemma 8.8.23]) that M{x, Si) C Pj x C* for z = 1, 2. Hence, M(x, si) fl M{x, S2) = M{x, si, S2) C 
P X C* = {Pi X C*) n {P 2 X C*). In particular, G{si,S 2 ,x) C P. 

Claim (2) follows similarly as [CG97, Lemma 8.8.25]. □ 

The following non-vanishing theorem is an analogue of [CG97, Proposition 8.8.2]. For convenience 
of the readers, we include the proof. 

Proposition 6.7. Any simple C{si,S2,x)-module having non-zero multiplicity in H*{Bx^’^^) also 
has non-zero multiplicity in H*{Bx^’^^). 

Proof. Let Z^{L) be the identity component of the center of L. We have H*{B%^’’^^) = 

In particular, for any simple C(x, si, S 2 )-module Xi the multiplicity \H*{Bx^'^'^) : x] is non-zero if 
and only if [H* : x] is non-zero. 

Let B^ be the variety consisting of all the Borel subgroups contained in P. By [CG97, (8.8.28)], 
the flag variety B{L) of L is isomorphic to B^ . Also, by [CG97, Proposition 8.8.2], each connected 
component of is L-equivariantly isomorphic to B{L). This in turn implies that 

is a disjoint union of pieces, each L(si, S 2 , x)-equivariantly isomorphic to B{L)x^’^^ = Bx^'^^- 
Therefore, H*{{Bx^’^^)^°^^^) = H*{Bx’^^’^^)®^ ior some m > 0 as L(si, S 2 , x)/L(si, S 2 , x)°-modules. 

By Lemma 6.6, for any simple (7(51, S 2 , x)-module X such that [iL*((Bx^’^^)^°^^^) : x] 7^ 0) we 
also have [H*{Bx’^^’^^) : x] / 0- Recall that by definition we have Bx’^^’^^ C and hence 

contains Bx’^^’^^ as a union of connected components. Therefore, we then also have 

[L7*(Bx^’^^)'^°R)) : x] 7 ^ 0- This in turn implies that [P[*{Bx^’^'^) : x] 7 ^ 0) which finishes the 
proof. □ 

6.4. Classification of irreducible representations at non-torsion points. Let (a, t) G 2lr x E 

be a closed point, such that t € E is not a torsion point. 

Let DD{a,t) = (( 51 ,( 71 ), ( 52 ,( 72 )) G (T x 5^)^. The condition that t is non-torsion is equivalent 
to saying that qi and (72 are not simultaneously roots of unity. Let T{a,t) C T x be the closed 
subgroup generated by ( 51 ,( 71 ) and ( 52 ,( 72 )- Let x G be a nilpotent element fixed by the 

subgroup T{a,t). Then, we have 5jX5“^ = qiX for z = 1,2. Let T{a) < T be as usual, and let 
G{a) be the centralizer of T{a) in By Lemma 6.2, T{a) is generated by 5i and 52 , hence 

G{a) = G{si,S2) where the latter is dehned in § 6.3. Let G{a,x) < G{a) be the centralizer of x in 
G(a), then we have G{a,x) = G{si,S2,x). The component group C{a,x) of G{a,x) is the same as 
C{si, 52, x) in § 6.3. 

We need some basic properties about the equivariant elliptic cohomology of the Steinberg variety 
Z. 

Lemma 6.8. Let vr : ^GxS^ natural projection. Then 

as sheaves of algebras on 

The iL-theory analogue of this lemma is [GG97, (6.2. (6))]. In the elliptic case, it follows from 
the fact that ttz*'B,txS^{Z) is locally free on together with faithfully flat descent for the 

map TT : ^GxS^^ similar to its AT-theory analogue. 

For any t £ E, let Pt be the pull-back of P to the subvariety x {t} C Sic x E. 
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Proposition 6.9 ([CG97], (8.1.6)). Let {a,t) G 21^ x E, be the pull-back of LL to the closed 

point {a,t). Let a' G be any point in the pre-image of a ^ 21g- For simplicity, T{a',t) < T x 
is denoted by T{a,t). Then we have an isomorphism of algebras 

n^a,t)=H4zF-T.c). 

Proof. Let i :T{a,t) ^ TxS^ C Gx be the natural embedding, and let be 

the induced map. By Lemma 6.8, we have 7r*H(jx5i(-^) — ^txSi(-^) vector bundles on 
hence = -KzfP^TiapiZ)- In particular, 

By Theorem 3.25, we have an isomorphism 7rz*^T{a,t){^) ^^T(at) C). □ 

Apply § 6.1 to // : with the action of G{a), we get the following corollary of 

Proposition 6.7. 

Corollary 6.10. Assume t G E is a non-torsion point. Then, 

(1) For a G Sty, x G and x irreducible representation of C{a,x) that shows up non- 

trivially in the C-vector space has a natural LLt-module structure. 

(2) For each triple {a,x,x) with a,x, and x o^s in (1), the module has a simple top, 

denoted by La^x,x- Moreover, the set of irreducible representations of Fit are in one-to-one 
correspondence with the set of triples (a, x, x) up to conjugation; 

T(<i) 

(3) Let {a,y,K) be another triple. The multiplicity of the simple object La,x,x )k is 

given by 

Here ICx,x is the intersection cohomology sheaf on associated to the local system y on the 

orbit G{a)x, and H^{VyICx,x)K is the (7(0,7/)-isotypical component transforms as k. This corollary 
follows directly from Proposition 6.7 by the same argument as in [CG97, § 8.8]. 

Remark 6.11. ^ As a direct application of [Kal08, Gorollary 1.10], H*{Bx^°‘^) is generated by 

T(cl) 

algebraic cycles. In particular, the Euler characteristic of Bx' is the same as its dimension. 

6.5. Higgs bundle interpretations. For any principle G'^'^-bundle on E^, let ad(P) be the Lie 
algebra bundle P x^aig 0. For any t £ E, denote the line bundle (7({0} — {t}) on E'^ by Ct. A 
Tf-valued Higgs field is a holomorphic section^ of the vector bundle ad(P) G Ct. The pair {P,x) 
is called a Higgs bundle. A H-structures on the Higgs bundle {P, x) is a principal H-bundle P' on 
E'^, together with a holomorphic section x' of ad(P') ®Ct, such that (P, x) is induced from (P', x'). 
Let ^px be the variety of all the P-structures on the Higgs bundle (P, x). 

Theorem 6.12. For any t £ E and any a £ 21g, let Ct be the line bundle corresponding to t, and 
let Pa be the principal G^^^^-bundle corresponding to a. Then, we have 

(1) A holomorphic section x of ad{Pa) G Cij~^ is equivalent to x £ ■ 

(2) There is an isomorphism of algebraic varieties 

(3) There is an isomorphism of algebraic groups Aut{P,x) = G{a,x), which intertwines the 

Tici) 

action of Aut{P,x) on and the action of G{a,x) on Bx'' . 

Q 

This remark was communicated to the authors by Sasha Braverman in the Park City Mathematics Institute 2015. 
^For a 0 -bundle, we use the terminology holomorphic section instead of regular section to avoid confusion with 
regularity of elements in g. 
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We will prove this theorem in the end of this section. First, let us mention an application. 
Let Higgs^^''{E'^) be the set of isomorphism classes of triples {P,x,x), where P is a semi-simple 
semi-stable topologically trivial principle G®'^®-bundle on E'^, x is a nilpotent holomorphic section 
of ad(P) ( 81 / 17 ^’ X is an irreducible representation of Aut{P, x)/Aut^{P, x) on H*(Bpx)- Here, 
a nilpotent section of ad(P) ( 8 > Pt is a section such that the image at each fiber is an nilpotent 
element of g. 

Remark 6.13. (1) For t = 0, the set Higgsf^Q{E'^) is shown to parametrize irreducible rep¬ 

resentations of the quantum torus in [BEG03]. 

(2) Moreover, for non-torsion t € E, it was conjectured in loc. cit. that the set Higgsf^^E'^) 
parametrizes irreducible representations of the double affine Hecke algebra of Cherednik 
(DAHA). 

(3) However, in [Vas05] a classification of those representations has been achieved, which shows 
more those representations than the ones predicted by this conjecture. 

Therefore, Remark 6.13 gives raise to two natural problems. 

Problem 6.14. (1) Find a family of algebras, parametrized by t € P, whose irreducible rep¬ 

resentations are parametrized by Higgs2^^{E^) for non-torsion point t € E. 

(2) Find a property P, such that the irreducible integrable representations of DAHA having 
property P are parametrized by Higgsf'^^{E'^). 

The following is a direct corollary of Theorem 6.12. 

Corollary 6.15. Let t & E be a non-torsion point, then the irreducible objects in 'Ht-'<nod are in 
one-to-one correspondence with Higgs"'^\E'^). 

Corollary 6.15 answers Problem 6.14(1). In a later publication of the first named author in 
collaboration with Valerio Toledano Laredo, we will address Problem 6.14(2). The property P is 
expected to be non-torsion when considered as a module over one of the subalgebras isomorphic to 
the affine Hecke algebra. 

The proof of Theorem 6.12 will occupy the rest of this section. As an intermediate step, we 
interpret Higgs^^^E'^) in terms of principal bundles with flat connections. 

Let TTi := 7 ri(P, 0) be the fundamental group of E with base point 0 € P, and let P —>■ P be the 
universal cover. Denote the two generators of vri by 71 and 72 . For a G 21g, let (si, S 2 ) € (T^'^g)^ be 
DD{a) as in § 6.2, and for t G P we associate ( 91 ,^ 2 ) G (<5^)^ C Gm^- Note that by construction 
Si is unitary, in the sense that Si lies in the maximal compact subgroup T C Let p : vri —>■ 

T C G^'^g be the group homomorphism sending 7 * to Sj, and let r/ : tti ^ 5^ C Gm be the group 
homomorphism sending 7 * to Qi, for i = 1 , 2 . 

The group tti acts on P by deck transform, and acts on g via /? : tti —> P C and the adjoint 
action of G on g. Define dp to be the local g-system on P, endowed with the diagonal vri-action. 
The quotient dpj'Kx is a local g-system on P, denoted by Op. Note that as a vector bundle on P, Op 
is the adjoint bundle ad(a). The construction above endows ad(a) with a unitary flat connection. 

Similarly, we have the rank-1 local system tp on P, whose descent to P is denoted by tp. This 
local system tp can be considered as a unitary flat line bundle, whose underlying line bundle is Cf 

Proposition 6.16. The following holds. 

(1) A flat section x of Op iS>c is equivalent to an element x G 

(2) There is an isomorphism of algebraic varieties between and ^ap,x, the latter being the 

variety of B-structures on the pair {ap,x); 
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(3) There is an isomorphism of algebraie groups Aut{ap,x) = G{a,x), which intertwines the 
action of Aut{ap,x) on ^ap,x and the action of G{a,x) on 

Proof. (1). Note that dp (8)c tp, as a local g-system on E, is trivial. Hence a flat section of dp 0c tr; 
is canonically identified with an element x € g. On the other hand, a flat section of the local 
g-system Op 0 on is a vri-invariant flat section of dp 0c ip. Therefore, a flat section of Op 0 1 ~^ 
is canonically identified with an element x G g with the property that q~^ ad(si)x = x for i = 1 , 2 . 
Recall that the x Gm-action on g is by {t, q) ■ x = q~^ ad(t)x for {t, q) G x Gm and x G g. 
Hence, x G g such that q~^ ad(sj)x = x for z = 1, 2 is the same as an element x G 

(2) . A H-structure on (ap,x) is a Borel subgroup BCG such that Sj G H for z = 1,2, and 
X G Lie(H). Note that Sj G H if and only if H G Therefore, the H-structure on (ap,x) are 
parametrized by 

(3) . It is well-known that the group of automorphisms of a local system is the centralizer of the 

image of tti in G. Hence, Aut(/ 9 a) = G{a). This in term implies that the group of automorphisms 
of the pair {pa,x) is G{a,x). □ 

Proof of Theorem 6.12. It is well-known that a holomorphic G-bundle on E admits a unitary flat 
connection if and only if it is semi-stable of degree zero (see e.g., [NS65]). For the adjoint bundle of 
such a G-bundle, a section is flat if and only if it is holomorphic. Therefore, Theorem 6.12 follows 
directly from Proposition 6.16. □ 

7. Representations at torsion points in type-A 

In this section we still work under the assumption that E is an elliptic curve over C. We study 
the combinatorics related to representations of the elliptic affine Hecke algebra corresponding to 
Un, when the parameter 7 is evaluated at a torsion point t G E. 

7.1. Reminder on quiver Hecke algebras. Let T be an arbitrary finite symmetric quiver, with 
the set of vertices denoted by I, and the corresponding Cartan matrix denoted by C. For any pair 
of vertices z,j G I, define the polynomial in two variables Pij{u,v) to be where 

h = lcm(z • z, j • j) for i 7 ^ j, and Pip{u, v) = 0 . 

Associated to F, there is a quiver Hecke algebra (also known as the KLR-algebra) HnfT) for any 
n > 0. See [R08, §3.2.1] for a presentation of this algebra, which we will not use in this paper. 
Instead, we recall the following fact (proved in [R08, Proposition 3.12] and [KL09, § 2.3]), which 
can be taken as the definition. 

Let O' = C[xi,... ,x„][{(xi — Xj) The idempotent in O' corresponding to 

the direct summand labelled by p G I” is denoted by 1^,. Let A„(/) = C^'^)[x] I the wreath 
product. The variable x in the z-th [x]-tensor factor of A„(/) will be denoted by Xj. Define 
Ti G O' 0y.(7)M®n An{I) as follows: 




1 ., 


if Vi = Pj+i, 


Pyi,ui+i{xi+i,Xi)sily, otherwise. 


Proposition 7.1. The algebra Hn{T) is the subalgebra of O' An{I) generated by 1^, for 

V G I", Xi for z = 1, ..., rz, and Ti for z = 1, ..., n. 


In particular, the algebra HniT) admits a faithful representation on C[xi,... ,Xn]ly. 
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We recall some well-known facts about representations of the quiver Hecke algebras. The idem- 
potents Ijy define a direct sum decomposition 

Hn{T) = 0 

The algebra has a natural grading (see [KL09, § 2.1]), which is compatible with the decom¬ 
position Hn{T) = Let Mod-Q^^ (T) be the abelian category of finite dimensional 

graded Lf„(r)-modules, and let Proj®'’be the exact category of graded projective modules. 
Let iL°(Mod-Q'^ i/„(r)) (resp. iL°(Proj®'’Lfn(r))) be the Grothendieck group of Mod-Q"^ Lf„(r) (resp. 
ProJ®”^ iL„(r)). They are Z[q^]-algebras where q acts by degree shifting. Note that the Euler pairing 
induces an isomorphism iL^(Proj®'^ i?,i(r))c — iL°(Mod-Q'^ Under this pairing, the basis 

on the left hand side formed by the classes of indecomposable projective objects are mapped to the 
dual basis of the classes of simple objects on the right hand side. 

Observe that the natural embeddings Lffc(r) (8)iL;(r) ^ Hk^i{T) for any l,k €N define induction 
functors 

Indfc,z : Projg-- Hk{T) ® Proj®'' Hi{T) ^ Proj®'' 

and hence induce a multiplication on (Proj®'^ Lfn(P)), making it an associative algebra. 

We summarize the basic theory of quiver Hecke algebras as the following. 

Theorem 7.2. With notations as above, we have the following. 

(1) There is an isomorphism of C[q^]-algebras 

0^0 (ProjS''H4r))-C/,±(n-), 

n 

where n“ is the negative half of the Kac-Moody Lie algebra associated to the quiver P. 

(2) For any i ^ I, let P{i) = Hi{T) ■ Ij. Then the isomorphism above sends [P(f)] to ft € 
C/,±(n-). 

(3) The basis of the left hand side formed by the classes of indecomposable projective objects are 
mapped to the Lusztig canonical basis of the right hand side. 

The first two statements in Theorem 7.2 are proved in [KL09] and [R08]. The third statement 
is conjectured by Khovanov-Lauda and proved by Varagnolo-Vasserot in [VVllj. 

We can also state a version of Theorem 7.2 without grading. Let Mod-o HniT) be the category of 
finite dimensional L7,i(r)-modules on which Xi acts nilpotently for any f = 1,... ,n. The inclusion 

Hn-i{T) ® Hi{T) ^ Hn{T) 

induces a restriction of scalars Mod-o HniT) —)■ Mod-o(H„_i(r) ® ^^i(r))- For any f € I, the right 
multiplication by the idempotent E F7i(r) defines Mod-o(H„_i(r) ^ Hi{T)) —)■ Mod-o L7„-i(r). 
Let 

Resj : Mod -0 H„(r) Mod-o Hn,_i(r) 
be their composition. Then there is a C-algebra isomorphism 

0^0 (Mod -0 H„(r))*^[/(n-). 

n 

This isomorphism intertwines the operation [Res*]* on the left hand side and multiplication by fi 
on the right hand side. 
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7.2. Completion of 77^ and the quiver Hecke algebra. From now on T-Ln will be the elliptic 
affine Hecke algebra of Un- We will drop the lower subscript n if it is understood from the context. 
We have %g = 2t/W = x E, and 5 = 7r*0£;n+i where tt : E^+^ E^^) x E \s the 

symmetrization map. For any z/ € 21 = E^^^, we write it in coordinates as v = {yi,... 

The following lemma is a direct consequence of the structure theorem. Let 1 be an arbitrary local 
parameter of the elliptic curve E. 

Lemma 7.3. Recall that the divisor is given by the equation Vi = t'i+i, and is given by 

Ui — lyy. 

(1) Let 21'^ = 2t\(Ui<i<„_i(L)*Ui2*’'>')). The sheaf of algebrasis isomorphic to Sw\^c' 

(2) Let V G he a closed point. Let Of; be the completion of Oe^+i at v. Then, the algebra 

structure on TL induces an algebra structure on 

0 ^*of)®sn. 

AtG6„'y 


(3) The algebra TLq^.^ is a subalgebra o/End( 0 generated by 0 TT*Of and the 

operators Ti with i = 1 , ...,n — 1 such that 


{T^)^ 


([(Xj+l - Pi) - [{Xi - Pi) - [(7 - p^))si, 


ifpGDf 

ifpeD^’^; 

otherwise. 


(4) Evaluating 7 = we get that the algebra is generated by 

( 0 TT*Of)/{'y = u^) 

AtgOn-l' 


and the operators R: 


m)u 


([(Xi+i - Pi+i) - l{Xi - Pi)) Si, 
Si, 


ifpeDf 

ifp€D^’^-, 

otherwise. 


In (3) and (4), the primitive idempotent element in 0 T^*Of corresponding to the multiplica- 

ueSn-i^ 

tive identity in TT^Of is denoted by 1^. The operators Si should be understood as going from 

to 

Let t € E be a torsion point. We naturally identify E^ with E^ x {t} C Then "Hnl ( 1^7 = t) 

is a sheaf of algebras on Suppose that DD{t) = (gi, 52 ) S where DD is the map defined 

in § 6.2. Suppose that qi is of order ni, and q 2 is of order 712 , where ni,n 2 are integers strictly 
grater than 1. Let St G E he the subset consisting of z & E such that DD{z) is of the form 
(^“,^ 2 ) € C* X C* for M, u G Z. Let Sf C E^ be the subset of E" consisting of points whose 
coordinates are in St. Let yfod-tTin be the subcategory of finite dimensional "Hn—modules, whose 
restriction to the action of S, considered as a coherent sheaf on E^'^\ is set-theoretically supported 
on 7r(S'f). 
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We have the following commutative diagram 

X = E^+^ 


Consider T-Lk ^T~ii as a coherent sheaf of algebras on E^^'> x E^^\ By definition of the elliptic affine 
Hecke algebras, is a subsheaf of algebras of S’nd^{k+i) {'n^O^k+i)- It is easy to verify that 

'^k,i*'^k ^ T^i lies in the subsheaf 'Hk+i- Therefore, we have an injective map T^k,i*Hk M'Hi ^ 'Hk+i, 
which induces induction and restriction functors on the category of representations. One can easily 
check that when restricting to subcategories of representations, the following functors 


Mod-t Hk 0 Mod-i T-ii 


Ind 




Res 


Mod-t T~ik+i 


are well-defined 

Let d = lcm(ni, 712 ) and let I = Let L = L^; be the disjoint union of I quivers, each of type 

Note that L naturally embeds into E as follows. Let I be St inside E. For z,z' G I with 
DD{z) = (^ 1 ,^ 2 ) DD{z') = ,q 2 ~^^)} there is a single arrow from to z'. One can simply 

verify that the quiver obtained this way is isomorphic to F^^;. In particular, the set of vertices I 
can be relabelled by the set {(i, j) | f = 0 ,..., d — 1, and j = 1..., /}. 

Remark 7.4. It follows from § 3.6 and Theorem 5.6 that jQ = 0^g5j"/6, 

It is not hard to show that the right hand side is isomorphic to the quiver Hecke algebra for the 
quiver F^^;. The induction and restriction functors can also be described geometrically similar to 
[AJL08, § 4]. However, thanks to Lemma 7.3, it turns out to be easier to follow the purely algebraic 
approach of Rouquier in [R08] . 

Let C[xi,..., and let the idempotent corresponding to v be denoted by 

Define an algebra structure on 


O^Hn{T) := O' 




by setting 


T’jlt' Isii/Tj — Xi) (Ij/ 

Here st is the simple reflection exchanging i and f -|- 1. Let the operator Tj be defined as in 
Lemma 7.3. 


Lemma 7.5. The following assignment induces an isomorphism of algebras 

</) : O^R„(F ,,0 ^ 0 


where 


(l){Xily) = l{Zi - Vi)lu 

^_ Tj - 1 _^ ^_ Sj - 1 _ 

l(Zi+l - l/j+l) - l(Zi - Vi) - i{t) [(Zj+1 - I/j+l) - l{Zi - Vi) 

fin) = Til^ = {i{Zi+l - Vi+i) - l{Zi - Vi))silu 
4>{Ti) = {K^i+i - t^i+i) - - i^i))siiu 


if Vi+i = Vi 
if Vi+i =Vi + t 

otherwise. 
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Proof. This Lemma followed directly from [R08, Proposition 3.12] (which is recalled above as 
Proposition 7.1) and Lemma 7.3. □ 

Due to this Lemma, there is a Gm-action on coming from the Gm-action on 

O^Hn{Td,i)- Hence, there is a well-defined notion of finite dimensional graded modules over Tin 
supported on Sf. We denote the category of such modules by Mod-f”^ T-Ln- For each pair of integers 
k,l GN, the induction and restriction functors 

Ind 

Mod-f nk ® Mod-f Ui ^ Mod-f PLk+i 

j - 

Res 

are well-defined, and are compatible with the forgetful functors Mod-f T-Ln —^ Mod-i77„. 
Summarizing the discussion above, we have the following. 

Theorem 7.6. With notations as above, we have 

(1) There is an equivalence of abelian categories Mod-®^ = M.od-f Tin which is com¬ 

patible with Ind and Res on both sides. 

( 2 ) There is an equivalence of abelian categories Mod-o = Mod-t'Hn which is compat¬ 

ible with Ind and Res on both sides. 

(3) The equivalences in (1) and (2) intertwines with the forgetful functors Mod-f”^ Tin —>■ Mod-* Tin 
and Mod-f Hn{Td,i) Mod-o Hn{Td,i)- 

For each (i,j) G I, we define functors Res(j j) : Mod-f Tin —>■ Mod-f'^ as follows. For any 

module M G Mod-f'^T^n, by definition, M decomposes into ®(^uv)GSt ^(u,v) as a coherent sheaf on 
E'^. Here for each {u,v) G St, the submodule is the direct summand of M as coherent sheaf 

on E^, whose support has the n-th coordinate equal to {u,v) G St C E. Consider M as a module 
over 'Hn-i via the map Tln-i 1 C Tln-i ^TLi Tin- Obviously, each M(^u,v) is a 77n-i-submodule 
of M. We define Res(j j)(M) to be the direct summand of M as 77n-i-module whose support has 
the n-th coordinate equal to {i,j) G I E E. 

Similarly to the graded situation, the functors Res(jj) : Mod-j Tin —> Mod-j TLn-i are also well- 
defined. 

Let Uq{5id) be the affine quantum group of sf^, and 17“(sf^) its negative part. Let 

/ij = 1 (?) • • • (g> 1 (g) /j (g) 1 (g) • • • (g) 1 G t/“(sfd)®' 
where fj is in the z-th tensor factor. 

Corollary 7.7. (1) There is an C-linear isomorphism > 0^ iL(Mod-f'^ "Hn)*. 

(2) This isomorphism intertwines multiplication of ftj on the left and [Resjj]* on the right. 

(3) Under this isomorphism, the basis on K^Mod-fTln)* dual to the classes of simple objects 
corresponds to the Lusztig canonical basis on U~ {sld)®^ ■ 

(4) This isomorphism induces an isomorphism = 0^ iL(Mod-t 77^)*, which also 

intertwines [Resjj]* and fij. 

This is a direct corollary of Theorem 7.2 and Theorem 7.6. 
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